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ANALYiiNG GEOffiTRIC FI CUBES 



Convex Regi^Sns 

^ To analyze properties of geometric figures you will need to use s^^e 
concepts pf ^geojnet'ry which ybu have already studied in earlier chapters; ' 
IrapoAant among these concepts are the ones concerning parallelism,; per- ■ 
pendicuiarity, and convexity. In this section H/e shall study further some 
ideas regarding convex regions. ■ 

The two quadrilaterals in the drawin^a^ -below seetn fundamentally 
differen-^ to us. 





One of the reasoAs-they se^m so diff ererjt , is that the region bounded ■ 

the left-hand '-quadrilateral is convex whileT. the region bounded by the 
• ■ * - , ■ — * ■ . 

righ-£-hand qfiadri lateral is not convex- V ■ 
\. ' • ' . V ■ ^ \ ■ : , . * 





V Definition : A set- of points S ^s c^led _conv§^f for ©ve"ry two' . 
^^poftits ' P -^arid . Q of S ' each point of the .segment \;PQf' is in ^et S,. 

■ . Sfinie simple ^examples of convex sets are a line, a ■ segmenW arid . a ray. 
•In th'^rs section we shall use the above defifiition to distinguisli b^we'en two) 
different 'types' of quadrilaterals.- . ; ,■ ■ - ^ ■ , 

> , -1 * ■ V. ^ ■ » 



We will follow- the custom of.. using the phrase convex quadrilateral 

in place of the cumb ersome expressioal "qudd'rilateral that forms the boundary^ 

of a convex region". Note that the l|)undary -is not itself a convex set. 

' • ' . + i 

Now if you take any qimdrilateral y^u will find. that besides the Four 

'sides there, are two other segments joining vertices of the polygon. Thefee* 

are the two diagonals . ♦ - ' , * * . ^ 




1-a 



1-b- 



Figure l' 



In the case of a -non- convex quadrilateral (see Figur^^^-b) we note 
hat one diagonal J^^s the property ^hat_ it does not pass-through the interior 
of the quadrilateral. Furtbe'rmore since the other diagonai does^lie in the 
convex region, the two diagonals, * not intersect. In the more familiar case 
of the convex quadrilateral (see Figure 1-a') both diagonals lie in^the convex 
region ^d they, of course intersect at '^an ^interior point o.f the quadrilateral. 

■ The distinction betweeTi the two situations, can be described in another 
, .-way- that will be useful for our .purposes .X F(2r. a non-convex quadrilateral 
such as ABCD ( see • Figure 2-b) one , diagonal 



BD 



has the property tha^t^h^ 
line "ro containing; it does not split^the ..q,uad^ AIX the rest of ^^ 

the figure lies:- in one haif-plane^ bounded by th§ line ^BD. * -The line AC 
containifig the 'bther'^diagonal A6^ does split the .quadrilateral so that part 



^-lies* in ■ohe_ 
-vertices ' B 



the other. In particijlar, th^ 



rialf-iQ^n^ dt^i^part lies in 

' D • no^ on- thkt diagonaVare in opposite^ half-planes./ 



T 



.-6' 



Figure 



If either diagonal of ^ convex quadrilateral i-s given, then the line 
containing that diagonal separates the ot;heT two vertice3^> so yjat -^ey lie 
in opposite half-planes l^ounded by that line. 

We will take tj^se properties of quadrilaterals for granted without 
attempting to prove tliem. ' * . 

■ .• ■ ^ • ' ■ ■ . . 

> ^ , . Check Your Heading * . _ 

' .• - 

1. If for every two points A and B ofla set the points of the - 

segment AB are in set SS, then what Mjad of a set do we call S"? 

What do we dall 'th*e. line' aegment that '-^ ins opposite vertices of a 
quadrilatera^l? ^ I . • . ' ■ , 

3. ■ Po the diagonals of a noJi-convex*^uadrilateral intersect? - . 

U. ' rs a convex quadrilateral a convVex sBt? ' 

5-- , Where do the diagonals of a convex quadrilateral intersect? 

6. : A line containing a diagonal of a. convex quadrilateral separates t^ie 



other two vertices in what particular way? . . \' . ' f 




kses 27-1 ^ 

* • (Clasis Discuss ioli) \- 

. ■ ■ ■. - • " ■ . 

Copy the patterns' of dots in the foliov^ing . figures and dravv ^the figure 
PQRS . Join the points in Ord^r. That is, join P /to Q to 

R, R ■ to S,. and finally join S back to In each c/gtse tell 

whether the*^ figure"*. is a convex qiaadrilateral, a non-convex quadri- 
lateral,, or not a quadrilateral. <> . , ' 



For each part of Exercise -2, .name all lines through pairs of opposite 
^vertices that separate the other two vertices.* * . 



In .each of the following f igues how many different quadrilaterals are 
there having- the gj.ve,n .points as vertices? Sketch them all. Name ^ , 
them (as PQRS*; PftSQ, etc.). .-' . , ^ '■ 

(a) ^ . / (b)^ . ■ P ■ . •/ 



s* 



27-2. More AboujiSygaralle log rams ' '. ^ 

Given "t/hatX ABCD is a convex quadscilateral. ^ How can 'you tell if it's 
a parallelograirff^"-SCDU recall the definition of^^ parallelogram: A convex 
quadrilateral [if a pa^llelogram .if the opposite sides are paraXlel ^ ' We also 
'know. quite a f^r*tTJings ab^rut a quadrilateral if lit j^^a parallelogram. That- 
is, gfveh that . ABCD is a paral?^ogram , 




we 'know, 



\(l) AB' l.l DQ and AD | | • BC . 
^^2) AB '= DC and Ad\= ^ ' 
• (^)., lA'Z ZC and ZB = /D 



( Opposite .sitie^s are parallel)' 
(Opposite sides are congruent) 
(Opposite ajjfgles' are congruent 



(U) A ABG = A CDA and . A BIXJ ^ A DBA (^Diagonals form' congrue'nt • 

- triangles) 

(5.) AP = PC and DP ' = BP j[ Diagonals- bisect each other) 

li we know that the opposite sieves of a quadrilateral are parallel, 
then we can use the definition, stated above, to decide that the quadri- 
lateral is a parallelogram, However, we will need some other ways to 
determine whether or not a given quadrilateral is a parallelogram. 

Suppose that we have three non-collinear points. Can we locate a 
fourth.point, in the plane of the three points, so that the four points are 
vertices of parallelogram .ABCD?^ , ' ' 



• B - -A 



We could, of course, 'draw AB,' and BC , construct a line parallel to' AB 
through 'C, and then construct a line parallel to BC thorough A, ^ ' 




The intersection,- D,, of the line through. C parallel to AB and 
.the line through ' 'A parallel to -BC is the fourth vertex of a parallelogram 
ABCD, since the opposite sides of the quadrilateral are parallel. (Remembers 
that .when we say that two segments like BC and AD are parallel, .we' mean '. 
that *tl)e lines BC and AD, containing these, segment sf are ;parallel. ) We 
know that the opposite sides are parallel since we constructed congruent 
corresponding anglps, ^ . ' 



Exerdises 27 -2 a ' 
(class Discussion) 



Suppose that^ AC and BD 
bisect each other at P. 

(a) Why is ■ A DPC ^ a' BPA 
and A DPA = A BPC ? 



Z2? 




A? ■ 
CB? 



(b) Why is 11 ■■ 
: • Why j,s DC - 

. (c) Why- is Z3 ' 
^Why IS AD 

(d) What kind of quadrilateral is ABCD? Why? 

(e) ■ Suppose that you are. given "t^^ree nqn-coilinear points. R, S, 
/ and T. • How' would you use the above result to find a fourth 

vertex, V, ■ of a parallelogram? 'How inany possible positions 
are there' for V? . , ' * ' . 

Given- three non-collineaf r 
points A, B, and:^ C . 
With B- as the center and 
a. radius equal to AC , ' draw . 
an arc of a circle, as shown 
• in the diagram^ With C as 
the center and a radius equal 
to AB, draw an arc of a . * : ^ ^ . 

circle intersecting the first - . ■ ■ " 

arc in point D . - Quadrilateral ABDC now has opp'osite pairs of 
congruent sides, "ffl = DC and BD.'~ CA- (by construction). 

(a) Is -A ABC = A DCB? • Why? . \^ ■ 

(b) Vmy is - 11 = Why is BD „ 1 |- CA? . 

(c) . Why i^ 13 = • Z^^? Why is ".AB • 1*1 ^-DC? • . 

■■ . ■ ,^ ■ . ■ - - 

(d) -Is ABDC a parallelogram? Why? 

(e) Use the same procedure ^to ?S^nd parallelogram ABCE ' ■and■■ 
parali;^logram ' AFBC . * " ' 




^3. . I-f we have three* honTcqilinear pcfints/ A, B, and "C, then jpje know 
that they deteraiine a plane. We can assign a coordinate system to 
- -t^ plane so that A is at the origin and AB lies along the posi- 
tive horizontal axis. Let the^ coordinates of ;C "be^ {b, c). 

>- '* *■ • ' • 

(a) What are the coordinates , 

i ■ of D if we know^hat " 

"AB \ = CD '. and , ■ 

AB II CD .?. (That 'is, ^ . 

, one pair of opposite q (h,c) 

sides of the quadri-' • " / 
lateral are congruent 
^nd parallel..) 

• (.b). What are the slopes of 

• 1^, and b3 ? Is . ~rA(0,0) . .'v' B(a,0) 

■ .■ AC I i ? Why? . . 

(c) Is the quadrilateral ABDC a parallelogram? Why? 

h\ ■ Draw a quadrilateral which is not a parallelogram but • 
. (a) which has 2 pairs of congruent sides 
■(b) whose diagonals are perpendicular; 



■c^ 7. 



(c) Which has one pair of parallel sides and one-pair of congruent 
• sides . . ^ ■ ^ ^ ^ ' 



. In the previous class exercises we have seen ±hat a tfonvex quadri-* 
,. t ■ ** * 

lateral is a para;j.lelogram if ' v ■ ' 

. - (1) the diagonals bisect each other, or , •" 

. (2) the 'opposite sides are congruent,, or • ' . < • 

(3') one-pair of opposite sides are congruent and parallel.^ 

There are certain kinds of quadrilaterals which we encounter so 
frequently ' that d,t wiil be useful to name and .define them here. 



A quadrilateral is a T>arallelop:ram 
i^the opposite sides are' ^ 
parallel. 



A quadrilateral is a o:hombus 
if it is a parallelogram with 
all four sides congruent. 



A qiiadrilatei^l. is a. rectangle 
if it is a parallelogram with 
all of its angles right angles. 



A quadrilateral is a square 
if it is a parallelogram with 
all four sides congruent, and 
if all of its angles are right 
angles . ' ^ 



A convex quadrilateral is a 
trapezoid ifotwo/ and only two, 
opposite sides are parallel. 



13 



16) 




' Opposite sides 'of a qiaadri- 

^ • . " * ■■ " \ ■ - . 

lateral are* two sides that * 

do not. intersect. " (Suqh as, 

BC and aSd. ) Two of its. 

angles are opposite ^f-.they 

• ■/**• ' ' < 
do- not contaifi a common ■ . 

* . * ' ♦' 
side-. ( ■ Z A arid IC , , 

for example^- Two sides are ■. " , ' 

• called . consecutive if they < 

■• . . '■ — ^ , • • . ■ • ■ ^ . • . • 

have. a cojnmpn ^dpoint. ■ ( AD and DC^ . for example) Two angles are 

. called, coiisecutive if they contain a common side. ( ZD .and /C. / 

' ' — . ■ ■ ■ \ y 

for example) A diagonal is a segment joining two non- consecutive 

vertices, (for example, AC \ ^ 



Exercises 2? -2b 



\ In the owing table, consider the .five types of convex qmdri- / 
laterals listed- across |the top with respect to the sixteen statements. The • 
statements . are referred to by number and listed belowthe table. If the 
quadrilateral ALWAYS has the property at the left, fill in. the table with an 
A; if the figure- -SOMETIMES has the property., use an S- and if it UEVER' ^has 
that .property, 'use an N.. Draw- a complete table and~ fill it . in with the 
appropriate letters.^ (Problems 1-16) 





■■RECTANGIiJl.""; 


r SQUARE 


RHCMBUS 


PARALLELOGRAM 


TRAPEZOID 


1.- 












2. 


t' 










3. 






r 



















STATEMENTS : — - ' " ■ 

1,. Both piairs of opposite angles are congruent. 
2. Both pairs of- opposite sides are congruent. 

.3. Each diagonal bisjects two angles' of the quadrilateral.. 



.10 

14 



6. " 

■ 7. 

k 

■ 9. 

10. . 

11. . 
12. 

15. 
16. 
17- 

18: 



,e ^diagonalV bisect each other. > 



^ The" d'iagon^l 
kEach pair of 



19. 



3 are perpendicular. . ^ 

consecu;|ive. angles is"^fe^}pl*ementary . 
'Each-pair ■ of consecutive- sides is \^ congruent. . • * ' 

.Each pair of consecutive angles is congruen'tf. 

The id'iagonals are congruent. ' , ' • 

Bpth pairs of opposite sides are parallel. . V * . • 

Three of its angle^ are right angles. 

Its diagonals are perpendicular and ^ngruent. . -, ■ 

ts diagonals .are perpendiciilar . bisectors of each other. . • 

It is. equilateral. 

It is equiai^ular. ' . ' 

It is both equilateral ^nd equiangular. 

Prove: ' If, in a^ convex quadrilateral, one of the diagonals and the 

line joining the midpoints of a pair of opposite si><^s bisect 
each other^ then the quadrilateral is, a parallelogram. 

With, the measures of the angles ; ■ . ' 

as given in parallelogram 
ABFH-^ . give the degree 
measure of each angle. 

m I A = ? , m ^ B = ? , 

^ ? r ^ H = ? . • ^ 

Let- Q = the set of .all quadrilaterals 




2x-60 



x+30 




T = the set of all trapezoids 

P = the set of all paralleibgrams 

R = the set of all rhombuses (rhombi) 

C = the sfet of all rectangles 

S. = th^^et of e.il squares 



0 f 



Since every trapezoid is a quadrilateral, we can state that set T 
■■is contained in set Q. Thus we write T d Q and can represent 
the fact- in a drawing like that shown above. Represent in an 



11 



15 



analogous way the relations between the indicated sets.' 

(a) . ft, T,*knd, .P ^ " , ■ i^) C, ..S_^^ ^ 

(b) Q,. P, .■ ■ , • ■ ^) % R 



(c)' P, R, and S 



27-3. Families and Networks of Parallel Lines' ... 

■ The chemistry teacher gave Johnny Jones a piece of platinum wiretoV 
use irfan experiment. Johnny had to share the wire equally with the otlfer 
two boys, in^hds lab group. Johnny didnH ,Jia-^. a ruler handy so he divided 
the wire into thVee parts by'a 'rather clever device. .He' took piece of 
lined notebook paper and laid the wire, on it as shown below. y - - ^ 





piece of 
platininn wire 




■ We see that the endpoints of . the wire a^e .oji two - of the- rul eft lines knd the 
wire' is intersected internally by;the oTher riiler lines. Johnny* cut the 
wire at these two' points. Does it^seem-to you that the three pieces. o{ wire 
obtained would have the same' length? ■ 



Johnny had the advantage of knowi 
follows: 



som< 



some geometry. He reasoned as 



"The four lines which touch the wxre^Nat off three 
segments df equal length on the edge ofVth^-paper. 
Therefore thes^ lines divide the wire in' 
.. piec?fes of- equaF length." 
Johnny»s reasoning suggests, a theorem whic?h w4 can possibly prove. 



6 three 



Theorem : If tliree ornniore parallel ^ines cut off cgng^ent segments ^on onte 
transversal, ^liher^ 'they cut off con^rjignt Segments on every tr^ns- 
*^verfl^l . . , ' *T ,• 9 - , . 

■ «Proof ; Giveu. that the-isegments :^ut off by,^ ^^^..^g' 

.■■ are congruent. W^will shot? that the .segments>V::ut of f ^(jrl^ lin§\, m. 
are, congruent. '.^ ■ ♦ ' ''^ 





3 1 ^ 



(We assume tHat the'lines,' k. and m, .• are not parallel. If , 
they , we re parallel, what caui.d ve tell about. EF^ FG^ GH' ? 
Why?) ^ V . . ' • 

Drav lines* >k^, k^, . ^l^through points 

E, F, G/'and H. 

a/ ■ X/E 



■J 




.All of the angles marked - "l" are congruent. Why? 

■ All of the angles marked are congruent. Why? ' 

. AB = 'BC = FS, and-. CD -^GT. Why? 

13 r 



- ; ■ ■ ^ -..^ ■;■ ■ ■ ■. ■■; .■ ^ . . . ■ / 

' It was given vthat . AB =f BC =* CD ^ Can wie conclude that 
* , ."^ * • ■ 

.; . • , , • .■ • * ■, _■ _ .■ 

^ • Th^eforS^ . A ^ = A "F^G ^A GTH^ by >" ASA, . arid' EF " .'5:g:= GH' 
" " «itjce are qorresponding parts or congruent^ -Mriangles . ^ 

. •^'^^^e theorem'^can- be thus priDvfed. It- should be clear that a similar • 
proof ' C0U14 be. given n6*T^atter .how maris "^^'V lines there^-^are. 

' Now do you see whjr Johnny's methcj^ for. dividing the platini^m wire . 



^4 



•ked?.- ^ 



jTxercises 27-3 ' 



i 



.1. .Given segmeijt^ 
K 



•and- any ' . 
convenient i^y, AC ^ ^ 

» • ^ (a) > Cona-trracti^^^^S) ^ paralJ^^ 
^ . ■ 't'o AC \ and mark of f," the,' 
. < . same" number of. congruent 

^ s&gmeb^^on- each ray. 

(in this di^ing^e 
^" . marked" of four congruent' 

* segments. ), * 



1 

L \ \ * 


\ 
\ 


^ — ^ » 


\ . • M\ • ' 
















r • 


















« 


/ 






UB. Show' that 





AM = MN = NO = OB 
J' 



2 ^ Given a triangle, ' A ^ : Let M be the midpoint of ABf and P be 



the midpoint o f ''AC . 




Draw lines through A and M parallel "to. .BC. . • 

-(al SincVvthfs family of lines divides' AB". into -two congruent seg- 
ments will tl<t^lin'S*-through M pass throug^ P,. the midpoint 



of -AC? Why? 



J ^ 



I'S 



Xb) ■ .Can Ve conclude from this that a line parallel to one^side^of 

.va triangle and passing through the midpoint of a secqntis-sofee of 
the triangle vill always pass .tljrawgba^he midpoint of-M;he tjjird 
. - -'Side of .the triangle? , * ^ f. 

(c) Draw PD | L AB where f^ is a 
quadrilateral , is. MPDB? . ^ 

id) Is -MP = BD? Why? ■ *" ' * 



ifit on BC^ j^^Whatr kino^ of 



MP = I .BC2 



Why?. 



Draw a convex quadrilat ral 
Jike ABCDv"* 'E, F», G, . >, * 
and H are ttie- midpoints of 
the respective sidei#. 

(a). Draw diagonal What . 

can'ybu say about . HE and 
ffiL-; ''CT and . W'^ 




{h\ IS- HE ='GF? Why? 



(c) Is HEFG a parallelogram? Why? 

#' '-^^ 

(d) Write a statement' about ^he kind of figure youTwill always get 

if you_ 

quadrilateral. 



3in the midpoints' of the adjacent sides' of any convex 

■ > ■ ■ 



Prove that in ainy convex quadrilateral the segments joining, the 
midpoints c 
Problem 3) 



midpoints of the opposite sides bisect each cither. ( Hint : Use. 



V 




r 



; ••■ • . V . ^ 

a non. - cotr7gjc »qt^drllateral . 

•. H are Triidpointsf ofy^h^ ■ , " 

respective .side5^,. / ^* 

/(a^;^raw diagonal ' ."^^^ ■* ^ 

f^'^HE^: ', and OF? . ' ' 
(b) Why is Iffi =^'S^? 
(cV Why. is HEFG a pfn^llelogi^m?. , 





■ - ' . ' - . ; • • V • X . ^ 

■ Combining Paralle^^^d PiVpendicular Relations^ ^ Space. 

.• ' ■ In this section we would 'like to. have' you think about^ the relation- 

ships among parallel and perpendicular lines and planes in space. . -You. should 
use familiar objects around ypu, , such ^ bbxes, buildings, rooms, etc., to 
\^ielp you to visualize the different *sit.iiations. Draw sketches when- they , 
appear to be* needed to clarify the relationships Be' sure that^ you hal^e 
looked atra-fi^tuatipn in several different ways before you decide thfft a ° 

^ statement Is ALWAYS, SOMETIMES, ov. liEVER true, . ^- 

* ■ . Is if possible to have a line perpendicular to just one of two 

■/■ parall^ Tines? For example, s.uppose that we are given- two parallel lines, ^ ^ 
i^ - and ' * * . 




Is it possible ty have a line, -AB^ perpendicular to £^ , but not perpendicu- 
lar to- . i ? Look at the fo*llo\ving- dra^^ing and state ;ohat must be true about 
AB scsl^that ^ ■ will also be perpendicular . to I We know that iJ^ and • 



determin^a p!l^ne,). 



i 



16 



20 



What can we' conclude about a line perpendicular to ape of two parallel 
plane's? Plane ; m ] | ':plane ' n and . AB 1' plane .'m. " .(Redall, that two planes 
ar6 pa:pallel if their intersection is the empty set.) 




Let's ' draw a^ny plane, P, 
containing "S. It will intersect 
plane m in "S* and plane n in 
CD. What relationship exists 
between CD 'and S? Why? ' Since 

' AB is perpendicular to EF at, 0, .. 
can we conclude that AB- . is per- 
pendicular to CD? Does this mean 
that we can conclude- that AB. ' is 
perpendicular to plan"e n? Can you 

■ draw another plane through AB? 

" How t4j1 this help to decide whether 
AB J^fH or riot? ^ > 




Exercises 2J^ka.' - 



(Class Discussion) 



After thinking about the situations discussed. previousiy^>"tjry4to decide 

T^hether the .following statements are ALWAYS, S(^TIMES,>or^^flEVER truer 4rr ^.^-^ 

. • / ■ J / ' I •: " ' . • 

space . Give some brief argument ^ which supports each cbncluslon...>.. Draw sbmer 

sketches to help you decTide. /. (Problems ^1-U. ) . ..;./' ^ Z ' 



If two 'I'ines are parallel',; then a thir^ line perpendicular to one of 
the two para*iel lines, is- perpendicular to the other line. ' 

' • / ■ ■■ ■■ 

If a thiij^ plarne intjerseGts two parallel planes.-,, then, the lines of 

• '^^^ / ■ • . 

intersection will be parallel. ^ * ■ • 

■ ■ /■ ■ • : ■■ ■■ . ■. ■ ■ ■■ • 

If .two planes are ;^erpendicular to the same line, then the two planed 
are p6,rallel.\^ ' ^ ^ . ■ , 

I'f two planes are 'parallel and one plane is ^perpendicular to a line. 



then 




pei^pendicular to the same linfe^. 



Front Wall 




In t^ie above picture of a corner of "a room: » . . 

(a) Identify a part of a plane that appears to be perpendicular 

. CB. ^ ^ . 

to : ■ r. 

(b) Does the plane identified in part (a) appear to be perpendicular 
■ to any other line in the drawing? * ■ 

(c) Is there a line in the drawing, which appears rto be parallel, to 
^CB? If so, name il?^ 
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(d) -If the plane that' contains the front wall is perpendicular to 

bB, will the plane' always be perpendicular- to all lines parallel 
. to f CB^ , . 

In the drawing of the -comer of a room: . 

(a) Name a line In. the front wall that is perpendicular to'. TB . 
(h) Name a line in the side wall that-' is perpendicular to' TB, 

y. . ^ • ' ■ • ,u' ■ ' .■■ 

(c) Two lines perpendicular to the same line are (ALWAYS, SCMTIMES, 
or NKVER) parallel. ' \ 

In the drawing of the. corner C)f a rqo"m: • • . 

(a; Name two lines in the front wall that are perpendicular to the' 
plane containing th^ side wall. ' , . ■ ^ 

(b) Name a line i,n the floor that is perpendicular to the. side wall « 

(c) All of the lines, perpendicular to a given plane (ALWAYS, 

SOMETIMES, or NEVER) lie in the same >lane. • 

' , . ■ 

.(d). All of the lines perpendicular to' a given plane are (ALWAYS, ■ 
..- V SOMETIMES, or NKVER) parallel to each other.' . . 

In the" drawing of the comer of a room: 

(a) Does the plane containing the front wall* appear to- be perpendicu- 
lar to'^OT?-. . , , ^ * * 

1 . ; . • . 

(b) s^ Would .^o>a. expect the plane containing the back wall also to be 

perpendicular to ^?'. 

(c) Two differenj: planes, both perpendicular to the same line, are 
, (ALWAYS, SCMTIMES, or NEVER) parallel. ^ ■ ' ' 

In. the drawing" of the corner of a, room: 

(a) Is the plane containing the front wall perpendicular to the 

floor? ... 

. ■ ■ ^ ' ■ ■ . 

. (b) Is the' plane containing the side wall perpendicular to the floor? 

\ ■ 

\(c) Two different planes, both perpendicular to the same plane are 
y -.(ALWAYS^ SCKETIMES, or NEVER) parallel. \ . 

In the drawing of the comer , of a room: 

(a) Would you normally expect the front and back wall to be parallel? 



(bV Does the side wall appear to be perpendiciLLar to the;^rontjV/al|? 

(c) If the front and back wall are parallel and the side wail is 
perpendicular to the front wall, the back w"kli will (ALWAYS/ 
^SCMlTlkES,. or KEVER) be perpendicular to th'e'sid'e wall. ' 



1- • ^ 

mniarize ttlese relatic 



«Ke can sumraarfize ttlese relationships in the following tnanner. You ^ 
should be. cautioned not to try to memorize these relationships "^Ut to estab- 
lish them intuitively using convenient pictures of the situations as the need 
arises. . 



If 



two . planes are parallel 



two lines are parallel 



then 

a. line \\ to . 

'i " ■ 
■ft 


V, 

one plane .is sometimes 
parallel to the' other 
plane. 


one line is always 
parallel to or 
identical with the , 
other line. 


a O^ne J_ to . . . 


one plane. is always 
perpendicular- to the 
other plane. 


, one line is some- 
times perpendicular ■ 
to the other line. ■ ^ 


a plane | | to . . 


one plane is sometimes' 
parallel to 'the other, 
plane. 


one line is some-' 
times parallel to 
the other line. 
^ ^ 1 


a plane J_ to . ; 


one plane is always ) 
perpendicular to the 
other plane. 


V . . . one line is always 
perpendicular to the 
other line. 
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Exercises 27 -hh - 



Fill in the following chart with phrases ' like ^he ones in the previous ; 
chart- Use a .drawing like a room or a box to help" visualize the prelation- 



ships.' /^^"^ 






■ ■ If... 


two planes . are- 
perpendicular 

- — 


two lines are. 
perpendicular ."i^:^ 


then" ... 






1. .a line | | to . . . 






2,' a line _L 'to ... 






3, a*. plane' | | to . . . 






^ r ■ n 

h, a plane _L to . . . 

; ' 







We know that the relation- of equality between real numbers possesses 
the following three properties. _ ' ' ' ; 



(1) 

(-2) 
(3) 



For any.' real numbers a^' b, and 

a = a 

If a = b, *-then b. = a 

If a => b, and '-b = c^ then a = 

and- i 



tJonsider the lines i^, . 



'3' 



(Reflexive property) 
(Symmetric property) 
: c (Transitive property^) 

■ A ■ 

and "the parallel relation. Is the^ 



parallel relation reflexive? T^ t 'is,- 



for any line '^]_^ ^± 

In order to answer this question we iiave ti^ decide whether a line is parallel 
to itself. ' It is desirablVto hay/a number equal .to itself,^and a line seg- ^ 
ment congruent to itself. ^ TheS^ relations are quite useful^' Is the same 
■ true for the parallel relation? , For our purposes, th^^^^STswer is "no'|-. We 
will assume that a line cannot be parallel to itself an.d hence the parallel . 
relation for lines, is not reflexive . We remind, you that we'^could haveYecided' 
otherwise, and proceeded just as well on that basis. 



■ . ' . . - V . ^ ,• • ■; * ' ... 

IB the' parallel relation for lines symmetric ? That is, 

. for any'lines i^. arid ^^^^ 11:^ "^^^"^ . -^^^2 U 

We carr. appeal to bur intuition and IpxDk at parallel lines. in a room/ 
or consider tl;]^ d^^fiiiition ©f paralleK-illies . In either case you should, 
conclude that the parallel .relatiW^ for lines, is symmetrise , ■\ 

Is the parallel relation^- for lines- transitive ?' That is, ' - * . . 



. for any three distinct lines i^, and if || 



■.and 'l^ 11 l^, then | | 



V 



Look at the two parallel, lines dr^vr^^ir^.the plane of this page.* 

i ^. 4 ■ ^-r; ; ^ 



Can you hold a pencil, in space, so that it is parallel to - ip, bu^ not 
parallel to i ? We could, of course,- prove formally that the parallel 
• relation for three >/iistinct lines is transitive , but it should be easy for 
•you to "See intuitively that this is the case. 

^ Ej cerci^es gy-Uc . " ' , ^ ' ' » • 

.^1» Does, the perpendicular relation for three airbitrary lines i^, ^g^, 
and 2^ have the following properties in space? 

(a) Reflexive? . For any line , is £'"] jg^ ? , 

" 1 l"^lb ,. 

(b) Symmetric? For any lines | and 'i , ±f£ J_ i i"s 

■(c) Transitive? For iany three lines ■ i^, i^, ' and i^, if 

■ ' ' ' '^l -L -^2' • '^2 -L' -^3' -^1 i -^3 ' 

2. Does the parallel relation for three arbitrary planes, p^ ^ p^ and 
. p^ have the following properties? 

' (a) ^Reflexive?' ' • 

22 • • ' , 



26^ 



5- 
6. 



(b) -Symmetric? . . / 

(c) - Transitive? 

Does the .perpendicular relation for three arbitrary planes, p^, p^, 
and p^ have the following properties? . ' . 

(a) . Reflexive?. . • ■ / ■ ' * 

(b) , Syrametric? ■ . / • . ■ . . 

(c) ^ .Transitive? . ^TS^. 
is the . congruence relation for triangles teflexive? syrgmetric 
transitive? . ' . ' 

.Are vertical lines sometimes, always^' or never parallel? 
Are horizontal lines sometimes, always, or never parallel? 





'27-5.. Axes of Symmetry 

■ ■^ - • . ' - ■ ^ ■ ^ ■ ' 

■ What is the image of this figure 
' ■ fo^ the reflection in ^? . 

Since the figure is invariant for 
■ the reflection in i, you recall, that 
line, i is calle<i the axis of symmetry 
for the figure. . 

< ye say that the figxire is symmetri- 

cal w^th respect to Does this 

* figure have any other axes of symmetry? 
. ' . ' f . 

■ The concept , of symmetry provides us with another very important tool. 

for analyzing geometric figures. . ' 4 . _ 

* ' '■ • . ' . • "■ • . ' 

Exercises 2T-^a, ' ' 

. (Class .Discussion) 

1/ Formulate a definition of an axis of symmetry of a geojnetric figure, 
^en is a geometric figure symmetrical with respect to a line? . , 
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5.. 



• • 2. " (a) Show how you would find an 

■ » ' ^ ■ axis of symmetry, for the 

■ « . segment AB . 

•A B . ; 

■ „ . (b) How tnany axes of symmetry 

- ..^ does. a segment have? Explain, 

(c)' How many axes of symmetry does a line have? Describe, them.'. 

' 3. (a) Show how you would find an 

axis of symmetry for /BAG. 
justify Vo^r answer, 

(b) How many axes of symmetry 
. does an angle have? 

(a) Draw /^figure consisting of two noh-collinear segments .AB^ and 
A^^^which have, a common endpoirit ' A, ^ 

(b) tt this figure has an axis of symmetry, • what must- be ,true about 
segments AB and AC? 

(c) ' What must be true about the points B and C? - 

M Draw a triangle which has exactly one axis of symmet^, 

(b) What kind of triangle must it be?' Explain, 

(c) Describe the location of the axis of symmetry, ^ . ^ ■ 




■-. From. .the exercises above we see that two points have one and only one 
axis', of symmetry, the perpendicular bisec1;pr of thfe line segment joining the 
two points. If" .A an^ A» .are any two points in a plane, then we' can refer 
to A>^ as, the image of, 'A in the axis of symmetry and conversely. 




Exercises 2T"3a 

• Copy the following figures on your paper and draw all of the 
syinmetry^ that you can find in the plane of the paper. If there is - 
state this fact, (i^roblenis 1-21 ). 



.2, 






i6. 



17. 



18. 



19. ) 




■ 22': 



25. 





20. 



'21. 





Draw- a triang/e which has . 2 axes of syTnmetiy. If a triangle has - 
2 axes of iietiy then' must if have 3 axes of syrnmetiy? Explain. 
Braw a quadrilatera-l which ha^- exactly one axis of syinmetry and 
wh\ch is . 

{q,) kite-shaped. ' . : • • ' . 

(t) a trapezoid. 

*. 

;Show that there are two kinds of quadrilaterals' which have exactly- 
two axes of symmetry. 

What kind of quadrilateral has exactly four axes of syinmetiy? Draw 
an exariple and show the four axes . » . ■ 
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27-6. . Rotational Symmetry 

• . • ' In the equilateral triangle ABC shown' below, the dotted lines 
intersecting at 0 show its three axes of symmetry. ^f-^^ 

. B . ■ ■ ■ " * ■ ' • ' 

Consider the rotation witii^enter 

at b defined by the curved arrow. 

-The image A A*B'C» falla^exactly 
on A ABC such that A' is iQcated 
at C. "Where a^e B* ^ and "C» 
located? \ 

Therefore this- figure is invariant for this rotation about 0« • 

Definition . A figure which is invariant foi^ a rotation about 0 

.that is less than a full- turn is said to. have rotational 
symmetry about 0. ' r ■ 

Rectanglev ABCD is shown bel^w with its two perpendicular axes of 




'^^^T9jcrametry £^ 
at 0. 



and 



^2 intersecting 



'Of 



For a rotation of a half turn 
about 0, describe how the image 
rectangle ^A»B*C»D» falls on the' 
original 'rectangle ABCD by telling 
where the points A», ^B*, C», and 
D' are . located. . 



Now_QQnsider the reflection in point 0. Again the image rectangle 
A»B'C»D» coincides' with .rectangle ^ ABCD . The image B* is located at 
D because 0 is the midpoint of BD . . Likewise the image C* is located 
at A. Where are '"A* and D* located? 

■ ■ /Notice that the image of rectangle ABCD for a rotation of . a half 
turn •ab|)ut 0^ is jthe same as the image of rectangle ABCD for a reflection, 
in JO;^ ' This was to be expected since we found in^ an earlier chapter that 
a reflection in a point 0 and a rotation of a half, turn about the same- ^ 
point-.>f 0 result in the same rigid motion. ^ 

-^i - " ' ■ . ■ 

^ • Definition . A figure which is invariant for a reflection in 0, 
..V; and therefore, is invariant for a rotation of a half turn 

• • , . about 0, is said to have central symmetry . 'Point 0 

' . . is called the center of symmetry for the figure. 

27 , 
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Exercises 2' 



(Class Disc\asW.oji.) ^ 



1. In the definition, of rotational syumietry, why is it necessary to state 
r , ■ . ■ .. 

^ that. the rotation must be less than a full turn? 

■ . ■ " • ' ■ e : .' ■ ■ 

2. i'or tlffe equilateral triangle ABC - discussed 'at the beginning of this 

\ 

section, describe another .rotation of less than a full turn, for which 
the triangle is invariant. 

3. Explain why an equilateral triangle has rotational synmetry but no 

central synmietry and therefore no center of syrametry. 

* "... » . / - ■ 

U. Explain why a figure that has central synmietry also has rotational- 
.' syumietry. . v : ^ \ - 

5. - * Suppose that a f i^re has two axes of syrnmetry and shown 

' . below. that are perpendicular at point 0. 

We shall not draw the figure 
but. 'we shall use and £^ to 

form a coordinate system with origin 
at. and let P(x, y)' be any point 
on the undrawn figure. 

(a) Point P»(-x,y) must be a 
jpoint on the figure. Why? 4 

(b) Likewise P"(-x,-y) must be 
■ a point on the figure. ^Why? . 

>(c) Show- that the coordinates of the midpoint of PP' are (0,0) 

which is point 0. . " ^ . ' 

(d) Point P" is the image of P for a reflection in 0. Why? 
Since- P is any point on the figure, and the image of P for 
* the reflection in 0 is also on- the figure/ tlferi 0 is- the 
center of symmetry for the figure. ^ . ■ ^ 

In summary, if a figure has two axes of symmetry which are 
perpendicular at a point O, then 0 is the centex of symmetry 
for the figure. ■ 



P'(-x,y) 
• 

t 


^1. 




0 




P"(-x,-y) 






• 







i 
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Given a ^rallelogram ABCD: ^ . 

.(a) Is the given figure 

symmetrical about a point? 
If so, locate t-hat ,»point . 

(b) Is the figure symmetrical 
about a line? ' If S-o.^. 
locate that line.^ * ^ 
■(c) If a figure has central syrametr&r, must it have an axis of -symmetry?^ 




V 



Draw a rhombus that is not a sqioare and draw its two perpendicular 
axes of symmetry. The intersection of the axes should be the center 
of symmetry. • Show f^at this is true. 

5.' .In Exercises? which of the regular polygons have central symmetry? . 

If so, howmpjiy sides do they have? (Remember that regular- polygons 
are .pp^ygons with congruent sides and congruent angles. ) Are there - 
any* regular polygons in Exercise 2 that do-^not havfe central symmetry 
but do have rotational symmetry? If so, how many sides do t^b^ have? 
Discuss ► . . • . - ^ ■ 

^_ ^_ . V ^ 

* ■ ■- ■ * » . 

27-7. The Symmetry of Figures in Space ' 

Points P and P» are said to be symmetrical with respect to plane 
m ^ if they " . - . 

(1). lieJ*bn opposite sides of plane m; 

.(2) lie on the same perpendicular line to plane m; and 

(3) are equidistant from^Jlane m. 

That is, plane m is the perpeifdlcular^ bisector of PP' . ^ . 

*A transformation of space into itself which assigns to each point P 
the poirtt P' symmetrical to P' about some plane m is called a 
symmetry - abput the plane . • . 




A figure is said to be symmetrical with respect to a plane^ m if it 
is transformed into itself by a reflection of space in this plane. In the 
above drawing, plane m is called the plane of symmetry of the figure. 



Figures in space' can also be synmetric with respect to a line or 



points 





Line i and point . 0 are called, th^ ajri^ of sj^et^L and cent^ 
■ syinmetiy of the figures respectively. If ^ and P' are syimnetric points, 
then ' Z is the perpendicular bisector of ■ PP« , and 0 is. the midpoint ' 
of PP* . ... 



(a) 




Exercises 27 "7 




1. 

2. 
2. 




" (e). Regular Tetrahedron 



(f) Sphere 



In each of the above figures, .how tuany planes of syrimietiy are there? 



In each' of the above figures, how nnny axes of symmetry are there? 
In each of the above figures, how many points- are there that are 



centers of syinmetry? 
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The figures below show a cube cut by a plane in several different 
ways. Indicate in'Vhich cases the cube is symme-te-ic ' with->respect' 
the' plane. ■ . . . 



to 



(a)- 




(b) 




(d) 



(e) 





BBAiroUSTER: , Find all of • the axes of symmetry of a cube. 
( Hint : There are 13.) 



27-8-. . Prisms and Cylinders * ' . ^Lp^ 

' Let m and p.. be two parallel planes, R a region in plane m, 
and X a line intersecting both planes. 
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' The set of . all line segments AA',. where A is in region 
A* is in plane and ' AA» is parallel to line i is a solid region 

called a cylinder. 



s 




Line i is called the directrix of the cylinder, R and R' are the 
lover and upper bases respectively, and the distance between plane p and 
plar\e m is the altitude. 

If Z is perpendicular to m then the cylinder* is called a right 
cylinder , otherwise it. is an obligue cylinder . We. name certain common solids 
in the following way: 



If region R, is 

(a) a polygonal region 

(b) a parallelogram region 

(c) ^'.t'riangiilar region 

(d) a 'Sqiaare region 

( e) a circular region . 



then the solid is 
a prism , 

a parallelepiped , 
a triangular prism , 
a square prism , 
a circular cylinder . 



^k .38 ' . 




parallelepiped 



i*ecta7^gular 

parallelepiped 



cube 





right circular " oblique circular 

cylinder ' cylinder 



■ . ' ■« 
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Exercises 27-8a , . ' * 

(Class Discussion) ' 

If we define a lateral edge of a prism as segment AA* where A 
is a vertex of the base of the prism, then are: 

(a) all lateral edges of the prism parallel.? Why? y. 
•(b) all lateral edges of the prism congruent? 

If we define a lateral face of a prism as the union of all segments 
PP» for which P is a point in a given side of the base, then: 

(a) are all lateral faces parallelogram, regions? 

(b) are all lateral faces congruent regions? 

• What kind of regions are the, lateral faces of a right prism? 

If we define the lateral surface of a' prism as the^toion of i.ts 

lateral faces, then: ^ .\ a 

^ I - / / ' • ■ ■ 

(a) find the lateral area of a rectangular parallelepiped of , 

length 5, width and height 3; • . 

(b) find the lateral area g,f a cube with edge 6; 
J '{c) find the total area of a cube with edge 6. 



We find it' quite us.efxil to define a cross, sect Jon of a prism. For 
example, such a^. definition will enable us^to develop in a later chapter . 
some notions of measurements associated with solids. 




cross section 



4:0 



. Definition . "A cross section of a prism is the intersection ■ • 
" ) ■ . ■ ' 

of the prism and* a plane parallel to the plane . ' 

. • ■ of th§^-base, 

In the drawing, above, plane * r .is parallel to .the plane of 'the base, 
plane m, " " and at k distance- h above plane m. \Begion. C is a cross 
section of the . prism pictured above. . ^ . 



Exercises 2? -8b .. . ■ 
(Class Discussion) ^ • . 

1., Let the triangular region ABC 

be the base of a prism, and DEF - 
a crops s^tion. Is AD | | to BE? 
Why? " • • 

Is DE'IVaB.? Why? , - ■ 

Quadrilateral ABED is a ■ , 
parallelogram. Why? 

AB = DE .« Whjr? ' 

Qioadrilaterals 'AOFC and BEFC 
^ -are parallelograms. Why? .• 
. - 6. A ABC = A DEF . Why? ■ ^ : ■ ' 

Are th$ upper and lower bases of a triangular prism congruent? Do 

they have the same area? ' ' ' , ? ' 

■ ■ ■ ' ir. . ; 

Do the cross sections' of a given prism Wve- the same area? Why? . 




". '". We should be able to conclude from the previous exercises that 
all cross sections*pf a triangular prism are congruent to the base of 
"the prism. It is possible to cut up the base of, any polygopal prism 
into triangular regions, -and hence any prism can be cut up into 
triangular prisms whose bases^ are the triangular regions.. 
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27-9* ' Summary . " 

Section . 27-1* \ * . . ■ 

■ . A region is called a convex region if for any two points of the 
. .region the line eegment joining those.two .points lies entirely wi-tihin 
the region. The diagonally of- a convex quadrilateral intersect in the 
interior of. the quadrilateral arid the line that contains. -either . 
diagonal separates the other two vertices so that they lie in opposite 
■ half-planes bounded by'.that -line. • \ . ■ 



Section 27-2. ' 

Quadrilateral ABCD- is 
'a pa.rallelog^^Ltn^ if 

. . (l) AB 1 f DC and' ■ ^ . 
AB = DC , 

*{9F\ (^.) ' AC and BD ' bisect A 
'\' .. ^each other^ ; 

or (3) AB = DC * and .'AD = BC . 

We can illustrate in the ' following way the relationships between 
the common quadrilaterals.. 






In the previdus drawings, if a figure is contained in the interior of • 
another figure, then it will have the same properties as the enclosing 
figure plus some new characteristics. ^ "j^ ' i 



Section 27-3 > ^" 

If . three or more parallel, lines cut off congruent segments bn 
one.transve'rsal, then they cut off congruent segments on any trans 
velrsall 

.The above theorem enabled us to. develop a construction method^ <, 
. for' dividing a segment into any number of congruent parts. Also we. 
were able to^ show that a line through' the" midpoint of^One side of a' 
triangle and-parallel to a second ^ide' passed -through the^ iaidpoint of 
the third side. ^- ■ ■ : , ' . <^ 

' ' ■ ■• • •■ ; \ ' ' ■ " y, • 

Section ' * 

■Relationships tJetween parallel and perpendicular lines and planes 
are numerous, "it, is not practical to try^to memorize these relation-^ 
ships, but one can 'use physic'kl models to help visioalize them. 
■ However, you should not regard these, models as final .proofs a^d^ou 
should be pautious about "jumping to conclusions" oi^he basis of a 
single diagram. . " • ■ . ■ . ^ 

The parallel and .perpendicular -relationships between three ^ 
distinct lines or three distinct- planes are' not reflexive, and the 
perpendicular relationships are not ^transitive. -All of the relation- 
ships are symmetric. ^ . . / . 

Section 27-3. . ' . 

If a geometric figure has an axis of symmetry, .therjjjjthis ■ means, 
that the figure is ■ invariant for a reflection in that line. , ^ 

An axis o^^rrametry of a figure is the perpendicular bisector 



of the line segments joining 6veiy ppint and its image for a. reflection 
about' thaji axis. 

Section ■ 27'-6. 

A figure wfiich is" invariant .for a rotation that is less than a 
'full turp^«rft5^ut a point 0 is said to have rot at i ona 1 ^ sy mmet ry 
aboirc 0. 
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A figure which is invariant for a rotation oWhalf turn about, 
a pdint 0 is said to have central symmetry; Cen?raI^yTmnetry- is 
.just a special case of rotational synimetry. . ^ ^ 

Regular polygons, with an even number' of sides have qpntral 
Symmetry. Regular polygons with an odd number of sides have rotational 
symmetry, but not gen-tral symmetry* ■ ^ 

" ■ ' . . ■ -"^ 

Section 27-7. ' . ■ 

' '"Two points J' and P« are said to be symmetrical. with respect 
to plane m" if plane, m [s the perpendicular bisector of ■ PP*^- . ^ 

A geometric figure, in space/ is symmetrical with respect to a 
■plane m. if it is invariant in a reflection in plane m. 

A f:^ure in space can also be symmetric with respect to a .line 
- or a point. * * ' " . ' 

■Section 27-8., . ' " 

.A cylinder is a solid' region formed. by a. region R ^ in one. plane 
'and the set of all parallel ^line segments AA«, where A is in R 
a nd ' A« is in a ^second plane 'parallel.to the first plane. The' line 
,segments are all parallel to a given line, called tKe ^ 

. directrix of the cylinder. ' ' 

/ .Certain cylinders are given common names depending on the shape 
' of the region .R., If R is a convex polygonal region,, then the 
solid is called a prism . If is a circular region then t^e solid 
is called a circular cylinder. - ' / . " 

. A cross section oj> a prism is the intersection of the jjrism and 
a plane parallel to the plane of the base. ^ The area of a . cross 
section of a prism is the satrie as the area .of the base. , .... 



■ ' Chapter 28 ^ 

MKASUREMENT 

28-1. • Introduction , What Is Measurement ? 

Modpm science dates from Galileo (l56U-l6.it2) ^who stated its program 
in the following words: "Measure that which is measurable and make measurable 
that -which appears not to he/^'^e followed his own advice by^ measuring the 
'speed of a falling body and of motion down an inclined plane, and the speed 
of sound. He also invented a thermometer to measure how hot or cold an 
/"object is. Previously.no one had thought of measuring" temperature. Galileo^s 
pupil, Torricelli, showed how to measure atmospheric pressure; and shortly 
afterward, Boyle measured the "spring of the air," (the pressure of an 
■enclosed volume of air). Galileo also tried, but, without success, to measure 
the speed of light. His. successors had better luck. ^ 

. Today we measure the wavelength of light of a given color, the charge 
"on an electron, and the half-life of .a radioactive element— to give a few, 
examples. 

It is cl6ar that the idea of measurement Is an important cfce. In the" 
present chapter we shall take a good look art' it. At first- we shall be . con- 
ceKmed.with measurements of lengths, areas, and volumes, because they are ^ 
simpler than others and because they are fundatrfental to other measurements.. \ 
Later we shall consider different types of measurement. ' 

Before getting down to business it will be usefiil to recall some of. 
■ the facts about measurement with which you are familiar. 

If you ask someone to meas-ure the length. of a table, what kind of an 
answer do you e^.pect? Something like 5 ' feet, or 2 yards, or perhaps 
5U inches. The answer, you notice, consists of two parts: a number , like 
5, 2, or ^h; and a word , like feet or yards, that tells you what unit is 
"being used. ■ Jf you received the answer "5" you would ask "5 what?" 

.Let us- get our language straight. That" which, is to be measured, is 
calledra quantity . In . the -example, the qmntity is length. The result is 
called a measurement . As we have/ said, when we. report this result we use a 
number arid a word. The number is called the measure. Thus 5 feet is a 

^ ki 
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measurement. The measure is 5* The word "feet" gives the unit of measure. 

'What exactly is a unit? It is an example of the quantity to be 
measured to which we .agree to give the number 1., If we wish to measure 
lengths of line segments, we ./2hoas.e a particular line segment and call its 
length* 1 . If we wish "to Tueasure areas jaf plane regions, we choose a 
particular region and label its area - 1. , • To measure volumes we use a 

• particular imit .of volume. The .unit that we ^choose is in each case a matter 
of convenience. For example/ we may measure length in inches, feet, yards, 
or miles. (English system), or in centimeters, meters, or* kilometers (metric 
system). Scientists ordinarily use the metric system in their work. In 
everyday life English-speaking people are more likely to use the EnglisV 

•system. Whichever system we use,' we usually choose such a unit that in 
measurements to-be performed, the. measures will be numbers that are neit 
too large nor too small. We do not measure the distance from New York tdS 
Chicago in inches, feet, or yards. You would not measure' the, length of you 

. nose^in yards or miles. 

Of course you can make up your own units. But in that c ase y oij^tey- 
have a little trouble in* making other people -on derst&nd_wj>artr^our measurements 
mean. It is a little like making up your own language. 

\ 1 

Let us choose the -segment shown 
as a unit of length. As accurately as 
-we could draw it, this matches a standard 
inch. How do we use this unit to measure the -length of ab' object like a 




7 



w mar\y of these. 
theADther. We 



10 



20 



30 ho ^0 



table? We place- copies of the unit end- to- end and see he 
copies are required to reach from one end of the^ table ,t 
count units. Of course, we usioally 
will not get an exact fit. We may 
discover, for example, that the: 
length is between 53 ■ and • 5^ 
inches. If this approximatipn 
is not good enough, we can su"^ 
■divide our unit and use a quartf^ inches as a new unit' (or -g inch or -jg 

inch). All actual physical measurements are approximations. Approximations 
to what? To an ideal that we imagine. In the case of length we imagine that 
tke table has a real length vhit:h our measurements approximate. In our 
imagination we replace the table by a mqdel which has an exact length. Is ' 
there in reality such a length?. This is the sort of question that we have 
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learned/not to ask* We do know that if we think of the world in terras of ■ 
models which correspond to sharp mathematical concepts, we manage to give a 
satisfactory account of our experience which is simple enough for human 
beings to understand. We also know that these models allow us to deal 
effectively with ^he pjiysical world* 



Check Your Reading • , ^ . 

1. Whatf is the difference between a measurement and a measure? . 
ustrate. 



•2. 
,3. 
k. 

•5.. 



1. 
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What name do we use for anything that can be measured? 
Of what two parts, does a measurement consist? 
What do we mean by a imit? 



Suppose that a quantity cannot be measured with satisfactory accuracy 

in terras of a . given'«jfeit . What can we do to increase the accuracy 

* " . . . - . 

of reporting the measurement? . ^ 

; , • . ■ -a ■ 

'. Exercises 28-1 - ^ 

^ .' ' < 

■'Name at least 5 quantities other than length, area, volume, 

^ ^ ■ ■ . ■ •. 

"pressure and temperature. State a unit of measure for each. 

Name 5 • units of lengthy in the metric^system. . What are the relations 
among them? 

Narae 5 different units of length in tlje English system. Express- each 
of them in \erms of 1 foot., ^ . . 

Measurg the lei^th of your schoolroom in paces. Compare your result 
with that of the other pupils in your class. Explain why it is > ^ 

important -to -establish a set^,of standard "weights, and measures.' 
Compare with the reasons for adopting^ a standard currency. 



28-2. Measurement and Calculation 



To measure area, a natural imit to choose is a sqxoare region with' one- V,: 
unit of length on a side; examples 
of such regions are a square inch,. 

a square foot, ^or a square meter. 1" -j_ j^^^ 



■1+3 
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A rectangular region with " 
sid^s 3" and 2" has the area 
6 square, inches because it can 
be .covered exactly without over- , 
lapping by> six square- inch units.. 
We can think of these units as 
tiles. y 

It would be tiresome to 
find the area of a reci§Lhgle with, 
the dimensions 13" by 2?" by 
counting squares. We can of ^ ^ . 

course replace counting. by a simple multiplication giving 13 X 2? sq. in. 

That is, we calculate the area. ' As you know, if a and b are rational 

numbers, the area of any rectangle with sides a and b units is simply 
'a Xib square units. .We shall assume that this area is correct even if a 

and b' are irrational numbers. .. ^ ' ' 

In the case of' volume, a. natural unit is a cube with one unit of 

length on a side; examples of units of volume are one cubic inch, one cubic 

foot, or one" cubic meter. In simple 

cases, the volume of a box with 

dimensions a, b., and c length 

units can be found by counting 
■ unit cubes. Usually it is much 

easier to calculate the volume, 

V cubic units, by using the ; , 

formula: ^^X. 

V '=^' 'ab c . . ■ < ::; 



1 cubic 
inch 



This result ts- easily seen vtp !^^^^^ 
''valid if a, b, and c . are 




three positive rationai/;5iumbers 
dimensions 
a. way that 



any ■ ' ,t - ; ' ^ ' 
It ig 



of the 



are irra^ic^n^ ^^^^ 
this is^tz^^y-^^ • • ^"^'^SI^^S?^' • • ' ^ 
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What can we do if the plane 
figure is not a rectangle or if the 
solid figure ^ is not a box? What, 
for example, can we do about a ... 
right triangular ,^gion? We 
cannot tile it with unit 
squares. . ^ 

L.et us ask ourselves what properties area ought to have if -it is to 
agree with our idea of it. Let us assume that a. unit has been chosen. It 
seems clear that we should make the following requirements: (l) Two congruent 
regions shallha^e the same area. If, for example, we make an exact copy- of 
a triangular region, the are;a sh{)uld not change. (2) If we join a region 

to a region ' so that th.ere is 
no overlap, then the area of the 
combined region- shall be the sum of 
•the areas of R and • . . 



Let us apply these tHO,x--":-;\- 
■ ■■ ■ • • ■ 
properties of ayea to the prol5lem 

of finding the area of a. right 

triangular region. 

Whatever the area of A ABC 
may be, an exact duplicate of A ABC 
will have the same area. Now if we 
place the copy of A ABC in the 
proper position, we obtain a ■ 
rectangle whose area measure, is. 
known to be b X a. 




Then area 
. (ABC) + area (ABD) = b X a and , 
2 ar^ (ABC) = b X a. We conclude 
therefore that the triangular a 
region must have the area measure 

i (b X a). 

This, result .is comm.only stated 
as follows: The area of a right 
■ triangle ;is ^ the base times the 
altitude." This . is not. strictly correct. 
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In' the first place, "right triangle" here really means "Hght triangular 

region". Secondly "base" means "length Of base". Finally, the statement 
• ■■ ■ * . ■ ^ 

shoiild include a reference to^units. The precise statement might read: 

If the base of a right triangle has a length, of b units 
.'and the altitude has a length of 'a units, then the area 
> of the triangular region is A .square units where 



A 



I (b X a); 




. ' Since it complicates speech to, talk in this way, we shall often use the 
simpler form:. of expression as a kind of mathematical slang. When it is 
necessary you should be able to translate the slang into proper langraage. 

Since any triangular region is 
the union of two right triangular 
regions,: its area is easy to find. 

■ .From this i)oint on it is easy to 

find. the area of any polygonal 
region by cutting it into triangular 
y regions. However! if the boundary * 
of the plane region is curved (in 
whole or in part),' the problem of 
finding the area is more difficult. 
The most important problem -of this 
type is the case of a circular 
region. ' ^ ■ 

, r , - , . ■ . 

For solids' the ^situation is somewhat similar. We assume that congruent 
solid figiires have the same volume^^Lnd that volumes of^ nonoverlapping 
' regions .are added to find the volume of combined regions. If the solids are 
boonded by polygonal plane faces, it is possible to subdivide them into ^ 
pyramids; and the volume of a pyramid (-^ base times altitude) can be .found 

• by elementary methods. \ However, if the boundary is even partly curved, the 

■ Volume problem is.rmore difficult. Examples of solids "^/ith curved boundaries 

are cones, cylinders, and spherical balls. .It turns out that the idea of , 
average, studied in Chapter 25, comes to our rescue and ^enables us to find 

• quite easily many areas and volumes which used to seem difficult. We shiall 
sopn turn to these matters. However, it Uill be helpful' to discuss . f.irst 
the effect of changing our. unit of measure. We shall do this in the next 

. section. . • " 
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Exercises 28-2 



Given that the area of a right 
triangular. region is (has 
X altitude), prove that in 
any "triangle the area is . ^ 

^ (base X altitude). 

(Consider the two cases shown.) 





From the result of Exercise 1 show that for any parallelogram, the 
. area is base X altitude. 

(a) Show that the area of any trapezoid is ~ the altitude times the 
sum of the bases. 

(b) Show that "we can replace this, result by the altitude times the ' 

• length of" the segment which joins the ^^midpoints of the non- • . 
parallel sides. ' , 



b2 



Find the area of the isosceles trapezoidal region shown. 



Construct a pyramid of stiff paper or thin cardboard by following 
steps (a) through (e). 

(a) Draw square ABCD with each side of length 2 finches. ^ 

(b) Extend 55" to M so" that CM = IXJ. . 
Extend bS' to N so that CN = BC. 
Draw an^ ND , ■ ' 

(c) Extend CB to P so that BP = BM. 
• Extend CD to Q so that DQ = DN. 

Draw AP and AQ. 

(dO Cut out polygon APBMCNDQ.. . ^ 

Score and, fold on segments AB, BC, CD ^and' DA. 

..(e) Scotch tape . cm' to CN, to DQ, to '^, AQ to AP. 
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6. 5y combining three pyramids like the** one constructed in Exercise 5, 
' . ■ show that a cube of side s 

may be cut into, three congruent 
pyramids. . ( Hint : In each 
pyramid the altitude" passes 
through one comer of the 
■base as shown.) Thus show 
that 

' ■ • . - ^=f"^ ■ . 

without assuming the known 
result of any pyramid is 

. -^ .(area of base) X' altitude. 

7. Given that the area of a square 
is the square of its side and 
that cong-ruent figures* have the 
same area. Use. the -following 
figure to prove that the area 

• \. of a rectangle must be .. 
. base X altitude (b X a). 
Hint: ' Rewrite '(a + b)^ as 




R 




t 






R • 


b 


a 



the sum of three terms. 
Associate the terms, connected by. plus signs with areas on the figure. 



28-3« Measurement Functions 

It will add to our understanding if we th:i.nk of measurementiq as 
functions. For each measurement function,' the -inputs are objects which have 
the property that we wish to measure (a quantity like' length, area, vplume, 
weight). The outputs are non-negative real- numbers. — / . 

For example,- consider the function f that measures the length of 
line s'^gments in inches f. : segment -^length measurp-in inches. 
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.The real number 1 is the output when the input is the unit segment, 
: ... .We show this as follows: 



Putting segments together end-to-end, we have 



•2 
• 3 



and so on» . - ' • 

■ '\ ' "By subdividing the unit segment ye have such results as 



and 



1 

2 ■ 
2 



In general "addition"' of ■ segments corresponds to addition of the real number, 
outputs (measures). Thus, if . . 

. • '■ — X ' ■ 



and . 



then 



X + y. 



Similarly for areas we can introduce the function- g.. 
g : plane region area measure in square inches. 
Then the. unit square as input gives the measure 1 as output. That is 



■ ■* 



Moving into spac^ we.have fhe ftmcti'qn 'h . . \^ ^■ 

h : space : l'eft?:on volume measure ^in^ ^ubic inches. 



Theti 




4> 




a J^/b X c 



' -if. 



A.' 



B - 



-r 



^ _ Exercises 28-3 ' /* ■ 

Draw^ arrow diagrams like those in, the text to ■ i:|.3aistratt 
function f,- assigns an outp*^t. Ctaeasure) for • , ^ 

The per imetea^ Of triangle. T., 

• * ' " ■ ■ ■ " •'* . '* 

,The. perimeter of rectangle '^R. 



how the 



1. 
2. 
3. 

5. 
6. 



ah 



"A diagonal of rectangle " R. ^ 
The perlm^^r of a trapezoid. 
The d:^agonal oi; the vmit sqviare. 
The diagonal of the^ vmit cufe^. 



^ 5.2 
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Draw a,n:ow /diagrams like tho$e in the text to illustrate how the 
fiinction g assigns an 'output (measure) for ■ 

7» Th^ area^ofa trapezoidal region; . . 

-8. . The surface area of a uhit cube.' 

9. ■ ■ The surface area of a box with dimensions a, b, and c. 

■ 10. The surface area of the triangular prism obtained by cutting a solid- 
cube by a plane. through tyo opposite edges. 

Draw arrow diagrams like those in the text to illustrate how the 
■f met ion- h assigns an output (measure) for 

if^ll. The 'volume of a cube whose side measures 2. inches. 
. <^ . 

^ ■4l2» The volume of a pyramid "with square base one inch on a side and an 

' altitude of 1 inch, .(^se for the volume, area of base times 

' . " .J ... 

altitude. ) . ' ^ ; 

13. The volume* of a pyramid whose altitude measures 2 Inches and whose 
rectangular -base measures 3 inches by h inches. ' 



29-^. Chang ing^nits and Some Consequences . 

Suppose that we measure .the height of .a door ahd^.find it to be 6 
feet. What is its height in inches? Since .a unit of 1 "foot can be sub- 
divided into 12 xmits of 1 inch, the answer is ' . ^ 

* . . ^' ■ 6 X 12 Inches =-72 inches. 

The measure in feet is multiplied by 12 . to obtain the measure in inches, 

"What is the effect on area. . , ■ 

meSSldires? That is, wheij we change . 
, f rom square ""'f eet to square inches '-^ ^ 

what happens ^to t'he measure? Since ' ^ 
, there are. ■ 12 X 12 = 1$^ = .1UU 

square inches in a square foot, 
■ ai^l ai^^a measures -are multiplied 

by "'5.14.14. , Thus^.ifor example, 

■ \"' 10 square feet^^ 10 X ikk 

^ . . squareMinches.. 



12 



12. 



. We can write, this. 
-■ ♦ • • p • 2 ■ 

10 fqet = 10 X ihh inches , , - 

' 'Moving on- to volumes we easily see that a cubic foot consists of 

12 X 12 X 12 = 12^ cubic inches. Therefore ' ^ 

•• . n cubic feet = 1728 n cubic inches, 

' whatever nimber n may be. More briefly 

• ; n ft.-^ = .1728 n in.-". 

Suppose that we wish to change leng^th units from inches to centimeters. 

It has been agreed that ' ' . ' ' 

■ * .'• 1 inch ' * , 

' 1 inch = 2.5U centimeters ^^T'cmT ' ' 

. exactly. - Then ^ . ^ 

y* 1 in.->= (2.5^)^ cm.^ 6.U516 cm. • - 

■i s - 

aud • * , _ 

- • ■ ■ i. in.2-= (2.5U)2 cm.p ~ l6.38t • 

where we -have approximated the last result to three decimal places . 

Hence •>• , .. 

■ - a in = 2.5^ a cm, 

■ * 2 2 * 

b in ~ 6.U5 b cm ; 

and 

■ ' c in^ ~ l6.39"c cm^ > 

■ ■ -A 

wherp approximati6ns to 6.k^l6: and 16.387^ ^^^^ ^^^^ convenience, 
. . * ■ Vfe may wisja to go in'the opposite direction, that is,, change from the 
. ■ metric measures' .to the corresponding English ones. Since 

l inch = 2.5U centimeters, ■ 

and • 1 cm ~ .3937 ±n .:)^% 



Then 



and 



1 cm^ ='(2^)^ (.3937)^. in^. .155 in 

1 cm^ = (g^)^ in3 .~ (.3937)3 in3 ~ .061 in^ . 
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Exercises 28-^ 



(Class Discussion) 
. How many feet are there in a yard? 
A. certain cube measures h yd oh an edge. 

(a) What Is the measure- dt. an edge^ in feet? 

(b) What is the. surface area of this cube in sq yds? in, sq ft? 

(c) What i-s the volume of the cube in cu yds? in cu ft? • 

(d) Compare by division the area measure in ft with the area 

2 3 

measure in yd ; - the yoliime measure in ft ■ with the voliime 

3 ' ' ■ 
- measure in yd . 

■ In' any measurement, if you change from a larger unit to a. smaller 
. unit, do the measures get ikrger or do they get smaller? 



Let. us suppose that we make a measurement using a particular- length 
unit U. If .we change the unit U to a new unit u so that U = ku, 
what effect does this have on ttie measures of length, ■ area, and volume? 
Our previous examples suggest that: 

(l) All length measures are multiplied by k,' 

■ ■ 2 • 

^ ■ (2) All area measures are multiplied by k . ■ 

(3) All volume measures are multiplied by k ^ , ; ■ - 

We have seen three' examples of this principle: ■. Feet, to inches with 
k = 12; inches to centimeters with k = 2.5U; centimeters to inches with 
k ~ .3937. We shall assume that the principle^ holds for all positive 
-numbers k and for all geometrical figures.. . 

' Let us apply this principle to the measurement of the area of a 
-circular region. First choose a unit 
of length U • equal to the radius of 
the circle. If the area. of the circle 
is measured using a square U on a 
side as a unit, the ^sult "is a 
certain number less than k . and ^ 
greater than 3- ' "The name of this 
number is Jt, pronounced pi.' 
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In a later section ve shall turn to the problem of calc\ilating the number ; ir. 
For the moment, let'us imagine. that this problem has been solved.' What is 
the area of the circular region if ve choose such a unit of length that the ■ 
radius measures r units? The answer is simple. We take k = r in the 
statement of our principle and conclude that the new area measure is 



2 

A = ^ r- 4 



By this simple argument ve can reduce our problem to the special case . 
where the radius is i. 

In a similar way, if we want the volume 'af^.;^-tell.:C5f- l^dius r, we 
can consider the special case where: the radius is chosen as ,|he, unit of 
length. If we can solve this special case, .we can multiply Uhe_ answer by 
r-^ toNget the result, when the radius i^ r length units. 

^ It is clear that it is sufficient to find a length, an area, or a 
volume for a single choice (U) of the unit of length. If this has been 
done, we can use the fundamental principle of length, area and volume to find 
the measures that correspond to any other choice of the unit of length U. , 
It is merely necessary to' find the value of k . so that U ^ - , - • 

> Exercises 28-i;b ^: ..' \ \ : ' ' : 

1. How many times as much material does it*' take to'^mak^ V solid- hem^isphere 
of radius one yard than one with radius one inq^h?^-. ^ ; . 

2. The surface area ' of a sphere of radius 1 unit has the^easure* ^x^-. ^ ■ 
What is , the measure of surface area if the radius measures r? ; 

3. If a person is given h square feet on which to stand and if the 
population of the world is 3 billion, how many square mi^s would 
it takWto allow the whole huijian race to stand all in one 'glpup? 

• About how many miles would there be on the side of a squai^ of this ^ 
area? 

h. Light travels in space about l86,000 mi^s . a. second. A light-year 

. . is the distance that light travels in a year. About how many miles 
are there in a' light lyear? Take a year to be 3^5 days and round 
off the number of seconds in a year to the. nearest 100,000. 

5. When a certain linit of lengt;h ' ^ ■ — ^ 

■ is used, a cylinder is found 
to have the following measures: 
he^ight 1, radius , of base 2, ■ 



area of base hn, and voliame Ujt. 

(a) If the unit of length is changed so that the height measures 5" 
units, show' that according to our principle the radius nov measures 
10, the areas of base lOOjt, and the volume 500jt. 

(b) Shov that in each case the volume equals area of base X. height. 

When a certain unit of length is used, a cylinder. has the following 

2 

measures : height 1, radius of base R, area of base jt R , and 

p • 

. volume" Jt R . If the unit of length is changed so that the height 
measures h- units, show that *the area of the base is still jt times 
the square of the radius, and the volume is the area of the base times 
the height. 



28-5. Areas and Averages 

Suppose that the graph of a 
function f rises as x increases 
from 0 to 1 and that the 
y- intercept is non- negative. We 
wish to assign a number A to 
measure the area of the region 
below the graph and above the 
iMerval ^ [0,lj. How shall we do 
''this? ■ ■-. . ^ ' • ■ '. 'S ■ ' 



We-' might begin by locating . 

"'10 



the points ^ , , ^ 



on the X axis, and erecting 
perpendiculars which, extend up to the 



graph. Let y^, y^, y^ be the 



lengths, of these perpendiculars, that 
is, the values of the function at 



10 ' 10 ' " 

ordinate at 



W^^call the 

; %■ , 10 
since 1 = T7: 



1 y 




Figur^ 1' 




Now draw horizontal line segments as in Figure 2 so that ten rectangu- 
lar regions are fomed with heights y^, y^, Y^q. Each rectangle has 

the width • • • ■ ^ ■ ' . 

Surely we shall wish the required,, area to be less than the sum of 
. these, rectangular areas. Then. ■ ■ " . ■ ^ 



or 
(1) 



A.< 



^1 " ^2 ^ 



+ y 



10 



10 



'Notice.that the right side 'of the" inequality is the average heights 
of the rectangles. We shall call this an" upper average of the function f 
on the interval .[ 0,1] . . » . 

To obtain a lower average we , 
draw, horizontal line segments a^.in 
Figure 3 so as to form rectangles of 
width and heights . yQ,^y^, 

Yo'- (Of* course, y^ is the' ordinate 

V;;- 9 ' ^ 

■ O at . - X = 0.) The total areas of these 



■ j?ec tangles measures 



To ^0 ^ To ^1 ^ 



^. To ^9' 



:kS^>^V^.'We^ shkll require that A be 
"::i^\r"^reaterw. That is 



10 




Figure -3 - ■.. ' 



:v^^?if■^?^^feIJ^ °f the heights of the inner rectangles;" We 

;^*^ii-xthfB;-a\^ on [0,1]. 



^ ^ ^ — ' ' ^ 

'^■M^'^^&0!MS^^^^ exactljr how large A ' is.., 

:\':Xl^ is this approximtion? The accuracy , 

, '--il^iv^S^^ff the upper average and t;he lower average. 



58. 



^2 



If we subtract 



from 



^1 ^2 • • ^10 



To . .10 . 

what do we get? To do the subtraction we write these averages .as follows: 

■ • - (T5 ^0 * 15 ^1 ^ 15 • • • ^ 15 ^^"'"^^^^ 

10 ^10 . 10 ■•'o 



The difference is 



10 ~ 0 xt is the difference between the approximations 
10 * 



pictured in' Figure 2' and Figure 3- This difference may also be pictured as_.-r- 
the area of the- shaded rectangle in -Figure It is the area of the rectangle 



and . width . • ■ 










Y , ; . . 


















^10 " ^0 




1.1 




1 " . ■ 




1 rr^ ^ 



9 1 

- ' ■ Figure li- ^ ■ . .'■ 

' Now. what we did was to- obtain upper and lower approximations by sub- 
.dividing the unii^ interval/. ..[0,1] . ' i^to 10 congrupnt parts. We: could"' 
have chosen 100 .conkruent intervals ox 1000 - or 1,000,000! To disc^uss ■; 

■ all of - these possibilities at once, let us assume that - [.0,1] is .subdivided 

■ into . n congruent ihten^ls, each of lefigth . The upper average is now 



^1 + ^2 ^ 



+ y. 



- n 



■ -■ ■ + y]_ + 

— and the lower average is 



+ y. 



n-1 



n 



and so the inequality ('3) is replaced by -. 

•+ y 



^0 + 



' n 
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\ 



averages is 
at or y 



The difference between the two. 



d = 



is simply RQ 



The numer- 
This 




does not depend on the nxiraber n of 
subdivisions. But ve can choose n 
". large enough, so: that the difference 
d is as small as ve please. 

We shall prove that there can 
be only one n"umber . A which satisfies 
{h) for all "positive integers n. 
That Is, there can be only one nural^er 
which is entitled to. measure the area. 

For supi)ose, on the contrary, that there we re ■'two possible numbers, ^a smaller 
■ one,''rsay p, and a- larger one p + 5 (s ■ for "something" ), each of which 
could be a value of A. Then p' must satisfy (h) arid so must p +. s. Then ■ 
their difference, (p + s) - p = s, ' is positive' and cannot exceed the 
ditference d between the two averages. • * 

That is, we would have 



Figure 5 



>s < 



n 



m 



is true only if n < 



for all positive integers^ n. But s < 

It is false if n >^ . Surely n' can. be chosen this large. 

s ■ " . 



+ y 



n-l 



■ n 



^A number A which is between all lower averages 

yi • • • ^n . 

and corresponding upper averages — ^ — — will be called the average 

of X over the interval' LO,l] and • 
■will be denoted by ■ y. As we have, 
seen, there ca'nnot be more than one 
such number y = A. . 

A geometrical interpretation 

will tnake it reasonable to write 

A = y . If we draw a horizontal ,line 
- at -the height .7 (see Figure . 6), a : 

rectangle will be formed of base 1. 

If .this rectangle has the same area 
^ as that imder the graph^ 

1' X y = y = A. We may say therefore 




Figure 6 ' 



that y represents that constant height which' gives a^ area equal to that 
below the graph and above [ 0, l] . 

Exercises 28-^ 

1. Let the function f be given by . • ' ' 

f : X -> X' V ■ " 

so that the^ graph is that of y = x. Find' the upper and low^r 
averages ■ of .. y = x, for n = 10, on theinterval .[0,l]. That is, 
put in the proper values of the y»s in the ineqioality (3). 

10 . ^ ^ ^ . 10 

You should find that ' .U5 < A < .55. Hint : y^ = ^1, "y^ = .2, , 

2. ' Let f be given by ■ ; 

' 2 

; ■ f : X X ^ • . . 

- ' ■ ' p .■ ■ ' ' 

. ' . so that'' the graph is that of y =• x . Find the upper and lower 

averages of y > x^, ,for . n = 10, on the interval [0,1], . using ■ 
y^ = (.1)^ =. '.01, y^ = (.2)^ = .OU, ■ and so on. ' 'You should find 
that ' . ■ ' 1 . ■ ' 

.285 < A < .385-. -' ' ^ 



**28-6. Some Special Cases . . ' : 

The question arises whether it is possible in practice to find the'. ' 
upper and lower averages discussed in the' last section. Can we actually. ',; 
find the precise value of A? The answer is that, in some .important, special 
■ oases this' can be done very easily. If you go oh in' .mathematics 7 you will, 
find that ■Thany other cases .can be. 
treated effectively. We. sha^^- be 
con^tSed with only two very simple 

' ■ ■ • ■ ^ ■ . 

ones. 

., Example 1. .To find the" area 
below the graph of.'.y = .'x.' and 'above 
the interval [ 0,lj . 




■ Of ,p:^rse.we Imow^the a'hswer. For the^triangle, ' A =^ . ■ Neve r the less- 
it will be ii^^f^to. see how this, result appears as an average. Since 
y = x> y =jKfSrSid C= y becomes A = x. We shall show that ^ ^ 2 * - 

.For..n .^subdivisions, the upper average is^ . 



. ») . 



But since , y' =, x and ■■ x^ = 1, we have 



x^ + Xg + • • • +1 



The X value^lare equally spac^dv' Therefore the average is sirap]^ 
" 5 ■ 1 + x_ 1. + ^ n -1 

, -Finally, then, the upper average is ' 

2 2n -V 

' *The. lower "averiage is ;. 

. . . / ' - yp + yi '+ yn-i _ ^ ^i ^ ^ Vi \ 

Again the x*s are equally . spaced so the average is 

- ^ ■ ^ " 2 n^ 2 2n 

Therefore " . . 

(1) . , ' i- • ;■ .■■ V ■ 

What is t'he' difference-between the upper and lovcr averages? .... 

■ The double inequality- (l) .must be true for all positive integers n. 
Thfere is on^ one possible value of ' A. ^ What is "this value? Certainly 
■ A - In fact 

. 2 2n 2 2 2n 
for all positive integers n. 

As we expected, - A = x = ^ . • 



0 + x' , .0 + (1 - 7) , -1 " 1 1 

n-1 • n _ i /t „ ^ 



• -I* ■ * 

- V. ; ■ . - « ■ ■ . ■ ■ . ■ 

o 
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Example 2. k^The next' case. -ia more, "'interesting because the "result is 
Aew. "We wish to obtain the area below the'.para.bola- . = x arid' above the" 
\anit interval [0,1]. *Thi'S area/is .;; • ..■ ', . 



measured by A = x . Sincfe * 
■ rlx2 J, 
n 



.yi=(^)=7| and 



n 

n 2 
n 



the upper averagfe 



.= 1/'- 



is 




1 k'' ' -9 

2 ■ 2 • 2 . 
• n n n 



This is 



n \ . ■ ■'. / 



When we studied averages we learned- that the' average \of the first V. 
squares, is ■ . '■ 

* (n ■+ l)^2n'-+ i) _. 2n^ + 3n^ + 1 n^-j n- /I. 



2 



' ^ ■■' ' 2 • i 

The upper average, of x. — tim^s this^ that is^ ' 



1 

3 ^nrg^^;. 



The lower average is — less^than the upper average. It is therefore' 



So 
(2) 



There can' be^^^^nly one solution of this double inequality.' Of course that 



solution is = 



. ^ Exercises 28-6 . ' ' ■ l 

In Example 1,. what' are the upper and lover averages for -100 / .congruent 
subdivisions of ■'[•0,l]? for lobo" congruent subdivisions?' Use 
inequaiity (l) wi^h^ .n- = 10 to check your answer f or Exe.rcise .^^ in . •' 
J^ercisfes 28-5. ■ . .'■ ' ' • . : ' ' 

In'Exaraple 2, vhat are the upper and lower averages for lOO 

subdivisions of' [0,l]? :f6r 1000. congruent subdi^sioris? 

* , \ ' ■ ■ ■ 

•the results' in decimal form to .5 decimal- places . ;■ ^ 

• .- 

Find y == tpc "and show . that , 
■ this 'gives the correct area 
of the triangular region 
OAB. - ■ ■ ' ■ ' ■ - ■ 



congruent 
(Write* 









B 






.mx . 






/ X 






0 





, Find', y = mx" + b ' and show 
that this gives the co.rrect, 

■'area of the trapezoidal regidn- 
OABC. ' \ ' M'O^ 



Find y in terms of x,-.. theh 
. find ..y. a^d^ompare the result 
with the area' of, tifiangular 
region AOB.^ Why does this . 
result agree with, that .in \ 
Example 1 of. .this* -section? ' - 





Y 




B ' 
• 


c 


iX 


mx + b ■ 


A . > 
=- 1 


"* 0 




ft 


1.7, ■ 




6, "We wish to find the area below. , 
/. ' the .gr^ph of y ^ xf. and ^bove 

•"V" ■ to,!]. ■ '■''^■l';: ^ • , 

.(a) Show that the upper average 
for n equal subdivisions 
■ 'is 















Y 




— ^_ 
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( Hint :- In Exercise 2 of Exercises 25-7b you showed th^J 

(b) ■ Show that the upper^ average is equivalent to + ^^2 

(c) Show -that .the ibv^i^average is .^^ " ^ 7^ '* 



(d) What is the required area? 



28-7, The Area of a Circle 

In Figure J we have drawn, a • 
quarter of ;a- circular region of ■ • , 
radius- 1.- Let A measure the . 
area of thiS' region. Then ^i-A 
raeasui'es the area of the complete 
circular region. Since the radius 
■ is 1 -^A is called it. How -can 
we find the value of ..it? 



Figure 7 ■ - 

We can. think' of • A as the average value' of y over the intei'val 




[ 0,1] , where + y^ ' = 1 (why? See Figure 8).' 



t • 



Then 

. and 



2 V 2 
y^^ = 1 - . X ■ 



■ Unfortunately, we llave no simple way >*- 



to" average 



;e. V ;L: - X li^e the methods 



used to fi^d'^^^^; and x . We must be 
.■ cihtenf-with apprbxltaat-lons using 0 
Upper averages ani lower averages. . 




Figure p 



-Jxi Figu'i-e T / have*^ dut ' the i,nterval - , . ^ . r ' - 

iO',l] into 10 subinterv^ls eaqh. of length ^ , W, we have.^^r^wn' ten ^ 
rectangles which enclose the quarter circle.^ From the' figure-i^e^^thali^ 

•^imiiarly' from Figure 9 we see 1 

10* • r . :]0f- . 
■/^ (We . have included ■ 0, the . height ,^ 
Of the AOth rectangle, -so^^ as. %o have 
•« 10 - numbers to average.) -^^^ f 

/. . Ve put these two results together, 
■ and write 



' 10 ^ 



< A 




1 + y +;...-. + yg- ; 



The difference between the upper an.d lover avep.ges'»is 6,img5y ^ • 



To use the double inequafity^w^;must calculate the^y-vaiues. . For 
exaTi5)le, . " * . - * ' ■ ' . . ■ .^; 

. - : _ JT^'- H- - 'Ti^; = 2^- . ■ . ' 

yi - ^1 - y 100 ^ / lOO'jJ 10 . , ■» 

From the table of square, roots in Chapter 21, -139 9-95. Therefore ' 
y »'.995.' Following this pattern, we have calculated eiach of the y's 
to three dec ima:i places.. ^ . . " j . , 



■66- 



7o 



yp = .980 . 
■yi^ = -916 ■ 

= ^866 



^6 



= .800 



y^ = 



=■ .600 



^9 = •'''^ 



If we add and divide 10 we, obtain tlie lower . average ' .•726t The upper 
average is ' .826 (.1 greater). '-V 

■ We ca!?i improve the estiTfiateVor , A by averaging .726 and •826. * 

The?' result "Is ^llS. Let us see whst<yais new average means geometrically. 

* * . . ■ Exercises 28-7a 

^ • .V'.^ (Class Discussion) - * 



We are averaging 



ro ■■ 



arid 



^1 ^2^^ 



+ + 0 



10 



This new ay;e^ge can be written 



Wte*t. region l^s the ar^ 
measure : . * > 



10 \ 2 / 



(See Figure 10.). ■ 
■ 2.. . ^What region has the area • 

.... - ■ , 

measure , ' 

^, " V ■■■■ .ft- 



. 10 \, 2 , / ^ ^ 
; ;%at does, J^l^-S^ ,^ 



■ repre^nt? 
k. \.^: How' can^yoH in-^erpret 





10 
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5. ^ What; total area doels the required average (l)" measure? • 

6. Is this area, smaller or larger than" the area of the quarter circle? 



If you Ifave answered these qjuestions correctly you will conclude that 
; . * ■ .776 < a/ / : ■ ^ . •. 

TTou .will soon discover in the exercises that . ■ ■ 

A <".793. .. - 



^erefore 
and so 
that is. 



.716 < A <'.793, 
3. '10^ < ^A < 3.172; 



f^.ioh < Tt < 3.172. ; 

We can get a closer estimate to Tt by working with a larger number 
of subdivisions 'Of the unit^. interval/ say 20 or even 100. With patience 
or a machine you. would discover . that - 

3. lUi5 < :rt <. 3.1^16. 

^It" is . possible to ' obtain.. much greater accuracy than this. In 1959 ^ ■ 
as^ a training problem, . :r was calculated to > 10,000 decimals on an IBM 
70U '"computer. 'Time: 1 hour, UO minutes. . It has been said, ''The mirsterious 
and' wonderful, t: is 'reduced to a gargle that .helps ■ computing machines clear 
their .throats."^ . ••"■»^ 

' Incidentally, it can^ be proved .that re ' is' irrational. What does 
this mean? . 

■ . Exercises ,28-7b ' 

1. Calculate .y3, y^, and y^ for Figure 9 and verify the results 
given in the text. Hint : Follow the method used in finding y.^. 



: : 

* Philip J. Davis, "The Lore of Large Numbers," I^ew .Mathematics Library, p. 7^^ 



2,' In the figure, let P be the 
■ ■ 1 

point' on the circle above ^ — ^ 

3 

. the point above 



10 



so on to P^ abov^ 

■ 

(a^ Copy this f igurje and draw 
tangents tio the circle at 
eacU of the points P^, 
^•P^, P^",- and P^. 
*' Cut off segments of these 
tangents which lie above 
the intervals [0,.2], 

•[.a-,. 1^1; [.h,.6], [..6,.Q] 

. .and [.8,l,0l. 




(For example, DC is tangent to ,-^e circle at P^ 
lies." above [ .6;,^.8] . ) , - 7^-^* ' . " . 

(b) Find the measures, of 'the- five trapezoidal" areas. ( Hint ; .QP^ 
joins the midpojLnts of the ■ nonparailel sides of trapezoid ABCD. ) 

(c) * Show that the s\m of the measures of the five areas - ^ .793 and 

that the total area is greater than th^ area of the quarter circled . 



0, 



■ 28-8. Volumes 

The figure shc^^^ pyramid with 
"altitude - 1, with a square tase of 
side 1, and the Vertex directly, above 
. one cpmer of the base. 



You ^remember that three copies^. 



of this pyramid can be put together to ■ 

form a. unit cube. It follows that 

• 1 . ■ 
for the pyramid, ~ 3 * 

Let us look at this result with 
fresh eyes. If we slice the pyramid 
by a plane pai^llel to the base and, 
at the distance x from the vertex, . 




Figure 11 
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we, obtain a cross section which, is a square of side x. .The area of this 
cross sQ3rt4,on therefor^ measures , S = x . ^ ' . 

We shall show that the volume has a measure equal- to the measure of ' 
the aver&Re cross section area. *. To simplify our language we shall. hereafter 
■ say. that S is the .cross-sectional area and V is the volume where the 
correct verb in each case is "measures." 
The proof is like the one that was 
\^sed when we talked about the area 
iHider a. graph.. We divide the altitude 
1 into n equal parts, each of 
length , ^ . Then w.e take plane 
\ sections parallel to the base through .. 
each of the points of' division. In 
the figure the second and the third 
sections from the top a^tf^^own shaded.. 



-Let 



^.1' ^2' ^3' 





n-1 



be the 



areas of the successive cross sections 



and . S the area of the base, 
boxes each of thickness -i — 
base 
Is 



We can now enclose the pyramid . within n ..flat 
We hav^ dram one of these boxes with area of 



S and volume - (S^). The total volume of all of the outside boxes 
3 n 3 . ^ 



S 



n 1 n 2 



^1 + \ + 



+ i s 

n n 



+ S 



a?his is an upper average since It i^ greater than, the required voliane V. 

Similarly, we can construct flat boxes of •thickness and faces of ; 

The. 



area ^ 0, 
total volume is 



, /s . Each of th6se^ boxes is inside the pyramid. 

n-1 . . .C3 . • a.. Q ■ 4. + • S - ■ 



n • 0 n 1 



n n^l^ 



n-1. 



This is a lower average since it is les^ than' V. ' Therefore^ 

+ S 



V must be a number which .makes ;thi$ 'double iheqUal^y^-ltfiie;? or ^e?i'jr 
-iSbSitive-,' integer n. As 'before,: "we can show that there, c^; 'b^e^^cSiy::.^^^ 

"Therefore it is^ natu 
[Q,l] and to write 'V V-'iSU.' • . ■• 



ntoaber ■ V for which this .is true, 
average of . S over the. Xrihte:rvar 
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.2 ■ 

Since S = x , 



•v.=:s = X 



As you know, •.".xv V - which agrees with, our previous result. '(See Section 

• if 'thi^-' vertex of. the pyramid is , 

*di>ectl^^abovp the^ceft^^ of the, "base " 
' • ^c' '^"r. ||ii^h^^^ .the; cross Wctioh , ► 

; ' at ttie/'di^taVc^v x' . f rpm ;tlie/vertex -ds, ■■V 

,..s.tii;^a ii^ikrev^^^ -side ■ ,:.Th^re|ore ^ 




.'• ' I ' Jf/the . 3i:engthvi^ '.mea the altitudJe^Arid; eapji j^, 

\' ' s ide of • : |:he s q;uare}'ba;^ e is '/jSl ■• "^"^K yolliim.e ^meas ure is - mult ipli ^dv - a^ ■ ■ s 6; 
' ft.- .3- ■." -'V' - ■ "^i^ ■ ■■■ *■ •■'•Cl 

' ■ ^ -i^ihe Ifesult =/S' \ w^^^to pyrsLmid^^ of- 43:titi:ide 1* - 1 -"^ 

a 



Tfie^irgukent is e.qm^^ ,^^f ..t^ie c^sj"- - f > ^v- 

51 6ria r ea i nc r ea ^es ^Vi^^ b ' . tVi^^ . 
nore; . genei^l . re s ult ' li 



:ar^;s;pliid^^ ;^f \i:^e Sos^-.. ^ ^.f , ^ 

:di^tanW f rom* :i^ts' basfe. We .;£tpply ' this. .; . '^r." 

^l^e- a•^eorie^ vitVk--.?:^i^^ ^v " *' - ' V-^' ;r 

^^^^jfiius -of ;ci|feuaaiv":b^^ ■::^-* Vi/^-''^'- '' V' ' 

P^^^^itTid^. ■^Ghdose..tl^« urii^-^of :lengtliV;^ .^-0^' ^'f- : ^'<'^ 



'that tiYis' altitude-, la. ' ;. 1*1 ; What *. is ■ 
the voluiiie 'Of the cone? '■ ■ ■ ' ■ ' ^ . 

■ • ' The cross -. sectiQn at' distance- 
5^^, x^^-'troTix.t-he'-l^^rt 

' r^'gion of radius- ■ x". ■ arid;. therefore^- 
' Jof area '■■•ttx . .Sinc& ■ • 



.S'= Toe- 
's 




2 . ■•: 1' ■ : 



■J 



agfiif^me' me'asur^d "an ' s.uch'-.UhTts :tha^t.r9^v'T5nit\/cubp''l^ 
' , fthfgt altitude &-;-:a, : V = -^va^j. . ..y/V / •;V/ J,};: ; 



. :..7i . 
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Exawtgle 2, The next example is a 
.-^'>'/:^Jf&mQus- oneV": to ^^^^ volumfi of a 
V •:^"; ;'-sbiid As bef ore we choose ■ 

%J the length- ^^li■t so that the altitude 
^ ''4 ' .'ls" 'l. 'OJhts liieans that the radius is 

••^V. ■.. " £eVUs slice the solid at the. 

/ height .^'x^ . above the base. The result ' 




^?^-A.,is a.c4<M^ ^ the radius of the circle, by the lythagorean. 

f;p -'-V^^ +. = 1 .. so that = 1 - ^- Th^^ the^area of the cross - 




S = .jtr. =. Jt(l X ) = - JOC . 



^e volume' 




Hence 



■ 2 

V = S = Jt - JOC , 



1 2 



if the 'uiit of . length is such that the radius of the hemisphere is 
■vH?iutee;'to^^ is multiplied by a^, and therefore 



y = I Tta^. 



'tot & T^hole sphere this result must be doubled so that 




the 



Exercises 



28-8 



In the "figure every section 
perpendicular to OC ■ is a 
\ ; ■ right triangular region as 
• • • shown. What is the volume 
;: of the solid? 'if units are 
chosen so that the lines 
maT^ed 1- have measure a^ 
' ■:■ ■ ■ what ■ is the volume? • 




72 ■ • ■ .■ 
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In this figure the triangular 
region ■ OCB of Exercise 1 is. 
• replaced by "a qtiarter of a . 
circular region. .Find 'the 
volume. 

Hint ; You urust f ind y. 
How can you do this? 



wliat is 



3. In the figure what is PQ? 

PR? What then is the cross- 
sectional area S? ' Find the . 
volumei'^ Does the. result agree 
with the rule volume is ~ 
(area of base times altiibude)? 




Two quadrants of ^circles ^.ie 
in vertical pianes at right 
angles to each other. A ruler 
is slid /along them, remaining 

.parallel to PQ" so as to sweep 
out, a surface. Find the volume 
enclosed by this Surface, the 
vertical planes. OPR and OQR 

■and the 'base OPQ. Hint : 
l?ake a section at the distance 
X above the\base. Find; TU. . ^ 

■ and ST. .. Remark : The figure 
may be thought of as forming • 
one quarter of a certain' type 
of tent. ■ ' 
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Given any right circular cone. 
Choose' the' unit . of length so 
that the altitude' is 1* Let. 
R be the radius of the base 
measured with this imit. 

Show that the section 
at distance x from the vertex 
has radius' xR and-'^herefore . 
the cross-sectional area 



Find V = S and 




.show that the volume is ' 
(area of the base times the ■ ■ 
altitude). Prove that. this ■ .■ • 

is still true if the unit of length; is changed so that altitude ■ is 

in terras of a certain unit of . v . 

■length the- height of. a pyramid 
is ^1 and the ar^a of its base 
is B. ' ■ 

Show . that at distance x 
from the vertex S . = 'Bx , (this 
is 'true if the base is any ; ' - - 

polygonal region.) and the ' * 
volume is' (are'a of the base 
times the -^altitude J.. Prove . 
that .the ' same' statement is . 
correct if Hhe altitude is' \ , ■ ' ^ ' 

h units. ^ . ' .'■ •■ ■ ' ■ 

Show that ' the volume of any right ci3:'cular cylinder* is the area, of 
thfr base times the altitude. Hint : First choose annit for which 
the ■ altitude equals 1. What , is S? . 




28-9.« Some Other Measurements 

■ ' '■ , ' ■ . • 

We have studied- measurements of length, area, and volume. " As you know' 

i>here are inany' other quantities that vfe can measure: weight, pressure,. 

temperature, speed, elapsed time, •voltage^ electric, current — -to name a few. 

V : . In .the case of the measurement of ij-ength',, area, and volume ^' 

-flCl) it is. possible to choose a unit that can be copied or duplicated ; 

. .. (2)' ***|s^ese units can be put together in a way , that corresponds to^'^>. /' 
■ •.. counting; . ' ' . 

(3). if'Us' possible to divide '^fehe given unit into a sufficiently large 
number, of interchangeable. sub-Omits to- reach any desij^ed accuracy 

•Measurements with these characteris^tics will be callec^^ direct or 
fundamental measurements, » . . 

Let us -consider the measurement weight with. these^ idpAs in mind. 
There are of course many familiar units of S/eight, for example the, pound, 
weight and the kilogram, , / 

(1) ■ Can a weight ' unit, be' * *• . . " ■ .• ' 

■ copied or duplicated? ■ >. ■ " ' . * ' 

Yes/. of course. We can . 
construct as many inter- 
changeable, pound weights; 
"as we please/ To* test . 

. ' whethertwo pieces of 

metal (whose weights are. 
supposed' to be units) are 

equal in weight it is sufficient to put them*"in opposite pans' 

• ' ■ of an equal-arm. balance to see whether the bar is horizontal,, 

■ . • . • ^ ' ■ * ' • ' . • 

.' ■ ;j'Vi'- r.v- 

(.2) To. weigh an. object we can count theo number of unit weights in one, 
< . pan that, balance the object in the- other pan,^ 

(3) In general we nfust use sub-unit^ . to :b ring about such a balance. 
But we. Gan. easily- make sub-units , *For example we can tise ounce 
.• * ■ . weights,' 16 of which balance, a'^pound weight, ,^ 

' "The measurement described is a. direct measurement because it determine 




the weight of the o"bJect by using .a certain mimber o'f units of 'weight. 



But 



there are. other ways' of determining the^weight, •, For example, .We can-use a • 




spring balance. That is, we can find ,■ 
out. how much th,e Ob ject Stretches a 
spring. *A pointer attached to the 

spring moves along a .scale. This- ■ . ^ . 
spale may be marked in pounds, but, 

ve are apparently measuring the weight •■. . ■ ■•' ^ 

by a stretch, that is, .a distance. ■ ' y\ ' \ 

This- Is an indirect measurement of ■ ' . - . 

wei'ght. How can we' say that it measuresrVeight at all?/ Because of the 
dispovfeiy, that a spring behaves, in a certain way. Robert Hooke (l635-l7O30 
. found that the stretch is prCTportiorlal, to the' weight (if -we do not overload 
■the. spring). Jor example, if we double the weight we double the stretch, 

if we triple the weight we triple.' the stretch, and so on. ■ This property of 
. springs ha-s been thoroughly tested. We. can be sure that if^for' example, the 
spring balance reads .3.5 lbs., the stretch is 3.5 t^i^es the Stretch for ■ 
. 1. lb. .Therefore^ indirectlj we are actually measuring .the desii^ed weight in 
terms of 'a unit weight. ■•' > - -. . ■ _ ; 

.■* ■■ : Many -measurements commonly, made are of this indirect -sort. ■ We follow - 
. Galileo in measuring temperature changes by' changes in the length of a column 
of liguid. Galileo used oil; we .use mercury. : 

■ There are some quantities which cannot be measured directly. .Density; 

■ (weight per 'unit volume) is a good, example. ■ The -usual uijit, is , a . gram per 
cubic centimeter {^^/z^). The very fact that we, use a unit like'gni/c^ 
shows. that'-we think of the measurement of density as- the result of measure- ; 
merits of weight in grams' and volume in cubic centimeters.. In fact, we 'divide 
the- weight measure by the volume measure to' obtain the density measure.. / ^ 

Water has. the density . 1 gm/cm-^ because .1- cm weighs X gm. 
' 2 cm^ .weighs 2 gm., 50 cnP -WiglK;- 50 gm. 'indeed, x^m^ weighs^ x gm.- : ■ 

■ -Density is a property .of . thg -sptos|^r^.^:^water), not of the. amount.. of . it. -. - 

. ■■■ ■ The 'density of, mercuiy-:-is:^fe^^ gm/cm^ , / b\it we cannot- put . • 
.together- 13.6 cm^ of water -jto'^lnal^^fiySTii^. of mercury weighing 13.6^ gm!' 
• We cannot com-bine deftsity units ■ dire«;tly, the way -we. combine length, units. ,. . . 
-. In the case o? fundamental: or direct' measurements , units can 'be put together , 

■ by counting and a. unit can 'be subdivided into as' many -sub-.units as one • 

■ pleases. .'.This i*' not possible with' indirect" measurements. . Nevertheless, in 
the: example of density, a' scale;of ■ densities, .can be. constructed which I's; like 

■ a scale' of .length. ■. We' can . say tha^ substance has a density of ' x ^nits^ 
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^Lf i}^ cubic 'cetitimeter of it veighs, x^gras. (oi^ if c cubic, centimeters 
weighs ex gram^), and^ x can be any positive; real nitmber, integer or not,- ; 

• '-• .' - ■ . ' * • ^ / ' ■ f . . ■ ^ 

Speed i^'j another quantity that cannot .be measured dii'ectly. It must. 

be- calculated. • We cannoi^ombine a nan it speed of 1 ft/sec with'a copy of.'/ 
• it to pbt:a±n .a speed of 2* ft/secx c Nor can.-we split a speed of 1 ft/sec [ .' .' 

into two speed3;, of ~ ft/sec*- each: As the'naTt^ of the unit (ft/sec). , 
■ suggests, ,ve find*the*me4sure -of speed as iihe Result' of • a measurement of 

distance. in feet and tjfme in seconds. In fact, , we divide the distance meastrre 
'by the time measure to obtain the measure of . speed. If 'an object moves xt 

feet in t seconds, ii;s speed is. x ft/s.ec. We: can therefore show speed 
^.-.measures on gi .numbej l^ine. . Tha"t ds,- we can "represent spee^^on a scale. ' ^ 

It 'might be asked: When've read a . speedometer; on a car don*t we' / 
measure the speed directly?' ^The answer is- "no." This is -like the" case of. 
Veight and' the spring. ^It is based upon the way. in which -the reading of -the , 
speedometer fs relatet^-^to the' &;^4%<i. Aqtually the needle responds to an 
•electric current whose amount is .proportional to tlie speed of turning of the 
front ■ wheels !i' The measurement depends upon the behavior of'an electric 
generiator. 



\ 



30 inches 



^ > . * Another example of. an indirect 
. measuTemerit' is the .common practice of 

measuring the, atmospheric pressur^;by . 

thp' height of a" column' of mercury tha/t. 

^ it will^support.. ' The figiire shows > ' . 

this form of .barometer; invented by . 

f- ■ . ^ f,\ ^ ■ : 
'Galilieo's pMpil, ^otricei:i,i..' The . ■ * 

• • .0 ■ ■ 

'sp«ce above t^ie mercury is called the Torricellian vacuum. Pressure is defined 

'to the force .p-ei/tini^ ^^g□^ea.*^?^Et is therefore, not "a length* Nevertheless, 

the^ leipgth is measure^ pf pressure sintfe the two sre, proportional* It may ' • 

be shotn .that .30. ihc'hes, of)*»mercury corresponds to 15 Ib/in^, approximately 

60 ^ inches of mercury: . 30 lb/In., apd 50 oh. -.J . . , 




GoiiMj back to area alid volume we see that when we' calcullite the. areas 
aflu volumes of varioiis figures we^are. really finding them 'in terms of' length • 
m^asurement^and a calculation. ^ 
•.-.could measure.^he Volume cif* , aiT; V' ^ . «■ - - ]~7 



• irregularly shaped .jar by filiLing a ' 
unit.euhe with water and seeing how '-'^p 



0» 




.'**Fo'r simplicity;* we a^Ume that <.the speed remain^ constant. 
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many-BUch units of vpltfihe. are needed • ■ ' 
< to. fili^.the. Jar.'; We cdtild measur^.' 
the area of -a'n.'irregula.r piece Qf-.tin, • . 
o£ uniform thickness • by' comparing its . . ". r 
weight with the v^ight of a unit 

■ ■'squ£bre- cut from. the -same inaterial.:' Why' don^t .ve . ailways do sometVJ.n§ like -*: 
, this?* What is t1ae point of calculating^ajreas 'and volumes? 

One answer is "this: This ,is a good way to measure the volume of a^ - 

given . ofciect.. If, for example, someone, asked- yo.U .for the yol'iime; of a 

certain electric light bulb, the /simplest thing, to do would , be t;o* dip the ■ V 

• bulb in. a tank full' of water and/measure the^volume of the wa,te^. than^ runs '■. " 

■ out. However, • itf we wish, to" design an ."object' bf ja certain shape to. f ft some • 

;' s^pac^, we <would "not like^^to construct a, lot -of .'saTilpl^s in the hope of getting 

fit. Think of ■ designing aig art ificital "satell|t'e .f or .'exampie> It is ^x- . 

.pensive" enough without resorting to trial arid; error.. . 

V ■ " '' ^ ' ' ' ■ * . ■.' ■ ^-^ ■ ' . '■ ■■ ■■\ - "• 

.* . ■ - .-Ar-e there limitations* to measurement? Are thera. things 'whigh cantiot.* 

■ ■ ■;■ ■ -.""i-.^l^ ■■ ■ ■ ■ ^ "■■ ■ ■ ■ • ■ ■ / ■ ■ . 

•'"b'e ..measured even approxitnavtely^ either directly or. indirectly, because there 

. ■ 1 s * .no : pQss ib 1 e un i»t ?, ■ Mo s t of us ; would " ag r e e that t he re^'a re ■ , . Ve' ' can ^^^^ ■ J^^"^ 




'John is> t)ie most valuable player on the baseball team and Jean the most 
beautiful;.jgirl in the school. .--^It might.be that no. everyone wo^ld agree. ' • 
But even 'if ■. they, did agree would. we\ say that we cguld me^s^ye tihe value of ■ 
the player or the beauty of' th^,-. girl? . Wliat uhit could be chosen?, Sometimes' 
we "can compare without being ^abl^' measure. In some cases we., cannot even 
. compare. .Who ..was 'greater, ' Newton oii. Beethoven? There are dif ferent/ kinds . 
of greatness. ■■• • ■ ■ . , . ■ ' ..' ■ ■ - ■, ' ■ 

' ' ' ■ ' - '^■ '>'- - - ^•/■■■■] 

1. What , three; things do.'.all direct measurements', have^ in' common? 



eck Your Rea(fi1fig . 



2 • " ■ G i ve " t wb oxampl es o f d i ^e c; t .measurement s ; .' two 'iridi r ect ■ mea s uf emerits 



3. Why. don't ve always measui^e a volume direbtly? (Why calcuisL-ffe i"^?^) * 

4. V ■ If two quantities cain be measur6.qr t^ey can be -compared. ^ ^f they' ' 

■'./can be compared, cfi..^Shey ..always b*e measure'd?.. ' Illustrate . ' 



Exercises 



In antiquity, time was often measured by a water ; clock. A certain 
amount oi water ran out of. the bottom of a. tank duHngj?1jiie::^lme . . • 

.interval" to. iDe .measured. In using this method it ^s' assumed' that tte^^ 
rate of flow o.f the. water is uniform.. What . precaution must '^ie:;t^ken ' 
to make this a reasonable .assumption? . Does a w.ater' clock ^measpre time 
directly or indirectly? How would you choosy an appropriate unit ;bf . 

• time? • , . X^^^^ ■ 



Is the time from one .,sun| 
'measu3?Ang'' time? Are^ 
they are or are n6t? , 



•^jhext sunset a good unit ^f or 
j^equal? . HoW' can you test whether 



Suppcf^e* that you meagre' tim^ by using as a uni»t /the, duration of a_ 
complete swing (over and. back;.' ■ • 
of a p^dulum' of a, certain . 
lerigt?|^|.The rjiepends on 
the . lea^tfe^t /iji^ : ' . 

If it is- ties ired-.'tc>< measure 

time in terms of a sub-unit that ■ 

1'' \ " ^ 

is - -jj- , of the original^ one^ how 

could this be done experimentally?. - 

Suppose that you measure time by . counting your pulse. 
can^Jrou! make to this metJiod? ^ . - , . . 




What" objectipn 



Suppose that you travel in a car a distan'f^e of. 50 'miles in 1 hour. 

( ■ ' • ' / mi \ r V 

If. you say that your speed is 50 miles per hour (50 -j^) , doe^ thiS; 

mean- that you were actually ; traveling at this speed for the entir^ 

hour?' . If "this is not true, how can you mak«; a new measurement - to show 

that, it is 'not true? The . 50 give£f."pf . ^urse the average . speed 

over .the'^hour. ■ Describe a. set oi^^-measuremenis that would giVe better 

ar^. better apprDximaWibj^s to the speed^ at -a ■ given instant, sky at the' 

'"'time exactly hdur aliter. you start.' .. , : ■ ■* « ■ 

One^rmethod to mjsasUre, weijght ' is to movfe a slider along a, bar 'until 
a balance Is fpiind^ wit'£i";the-objec^'/to. weighed; >^ Is" this a direct 
Tpr an indirect measurem:entC?:': ' Explain the principl<j^pn which, it is 
'based. • ■ ' , ' ■ . ' ^ . / ' ' 

) .Nam.e some things that ybu believe -ca^ot be .measured' and 'justify your 
" belief.' " - ' ■ . . ' ' v . 



8. *.-Gan intelligence be measured? Are there perhaps diffei-ent kinds of 
-. ■• . intelligence? Can creativity be measured? , •• „ ■ .• 

' ' ' ' ■ . ■ ■ ■. ■ ' ' ' ' ' 



28-10. Measurements . and Averages 

-•^ "the : arfea below a graph 

■ whose ordinate y incflWes (or^**fr T 

^edreases) on the* unit interval • ^ 

. [6,1], we-have seen that A = y, 

..^;the avefafee valtte ' of y over t^l^?*"' . 

.Interval. ^ < '^•O.^/-' 
' ' . ■ '.^ ■ 

Smllarly/foi'Hhe volume 
V of a solid wl^e' cijps^s-secti'on^l 
aria increases or decreases) over ■ 
^ the unit^|.nterval [ 0,q^] 9 ^V''^ S, 
the average of S' over the 
interval .v" • 

Let the unit of "length be 
changec3^ that [ 0,l] is replatjfed; . _ , 

by .s^[0,a] . Then A = y , must bfe replaced by, A = ay and V = S by VV 
'where the • averages of y-'and" S . are now taken over the interval [ 0,"a] . 

* This is easy to see. If we star^^with ,A = .y.. and the interval *' fO,l] , 
then when we change the length unit 'as (i^c.rited'aWe, ' A . is . m\^ipUed by ' 
a^'^'and y by .a/ Therefore to maintain atmXlty we must have an ex^ra 
multiplier,- a ■ pn-th^,^righ%. \ . . > - „ • . 

■ Similarly if V'= S on [0,ll and 'if we change the unit of length. 
.. so that 1 '. is replaced by a new .units, the measure Of volume is multilSlied 
■ by ■ a^ while the measure of the average, cr'oss-sectioiial area is multiplied^ 
by^' a^. Hence V =t a3. in'terms of the- hew length unit. . ■. ^ 

SPo vise A = ay and V =; aS_ we need the averages of y * and S 'over 




as/ 



the inlierVai 
(!)• ■■ 

(2) : 



S^a] . The most .importiant averages 
on.j[0,a3 =2 
. : .-^ X . on [ 0,aj = -T- . 



Thesb results are easy to see geometrically^.. 



But 



1 Y 
J. 




k 


y - 




A 




a . 











* • ' In the f igU]?e A- = -g" 

A = ay = ax. >Hence , 

— . '2 ' • ■ ■ ■ 

a . ■ 

— a 

and therefore x = ^ • 

Similarly for the square 
pyr^miid shown, 

■ ■ . V = a^ = x^ ^. 

„ ^ . ' 1 ^2 

Hence x = a . . 

These, results for x and x 
apply to other measurements than 
those of' area and volume. We give 
two important examples. 

Example 1. Everyone' knows . that ' if a body is 'drppped from test, the . 
speed (or velocity)^ increases with time. Galileo guessed that the velocity 
is' proportional to. the time x> that is, that 

where c , is constant. \ ' . « ' ^ . ' 

Galileo asked .himself ' this question: 'If it' is true that ^ . ^ * . 
'. ' / V = cx, 

' "how far will the body fall irj t seconds? In the case of a motion with ^ 
uniform* (constant) speed, the distance covered is the speech multiplied by ' 
"the time. What, should we Mo if the speed is not uniform? ■ In such & case* ^ ' 
■ it is' natural to ass.xime. that the^ distance covered is the average speed 

• multiplied by the. ^ime, where the' average is to be taken oyer the interval 
-.from x^= 0; to x=*t.,-' ^ '^'-'^'^^^i- 

The average of cx over ['0,tl is cx = cx =■ 9*^; |^ vi^^'O^ ' 




or 
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ERIC 



If we measure distance in feet and time in seconds, we find that in- 



fact 



■ d « i6t- 



\ 



"(Actually l6° can "be replaced by the better approximation 16.I. means 
that Galileo»s guess works' with c = 32/ and the speed x seconds after ■ 
release is ■ _ 

i , ■ 32x ft/sec. . . 

The nerb, example concerns the idea of work. If a weight of 10 lbs 
is lifted a distance of 3 ft we say that an amount of work is done equal " 
ta 10X 3' foot-pounds (ft-lbs)'._^ - • 



Example 2. A certain spring is stretched 1 



inch (= ^ foot) by a 



1 
W 



poimd weight. Then, as you know, W 
i feet. ' 



pounds will stretch the spring 
■ ■ • ' ■* • ' 

////////////" 



Six pounds of sand are poured 
■ gradually, into a bucket attached to 
the spring. As the weight increases 
the spring steadily lengthens until 
it is. finally stretched ^ foot. 
,How much work is done? When the 
spring is stretched x feet, the 
corresponding, number of pounds 
weight is W = 12x. . 

r 




The work here is defined to be the average weight . tiirtfes the distance 

ance mt< 

(3j(-|) = "I measuret^^ 



, (W x),' where the weight must be averaged over the distance mterval^ [ 

f Since w\= 12x, W = 12x ^ l^t?) = 3 • and^e work is 
in foot-ppUnds. . * ^ . ; . - 



ance, 

o,i. 



E:^ample' ^. ' Let' us assume that 

the earth is a sphere with radius ' 

UOOO'*^miles. A rocket is to be shot 

straight up to a point kOOO miles 

alcove the' earth's surface. We -shall 

r^ake the radius of the earth to be a 
• • . ■ 

^ new Tonit of length. Then the rocket 
is to reach a point ' P that is two 
of these units from the center of tiJfe^ 
-earth C. ' - •• ' ^ ^ • 

: • - ^\ . 
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• • ■ If the rocket" -weighs 10 tons^ how much work (or energy)** is required 
to raise the rocket to-' P?". The work is' the avei^ge weight times the distance. 
According to Newton* s inverse square 'iaw, the weight changes with tlje distance 
X from the-earth'*s center so that gts^measure in^tons is •' • . 

ice -that at» tjhe' et.rth*s surface vhepe x = 1, W is * 10 as it should*^^e. ' 
.The required wor!^ is t-herefore 

• ' ■" * . • W • 1 



m • 1 = 10 • {-^ 

X ■ X . , 



where the' average of — p is to be taken over the interval,^. [ 1,2] , 



Finding the average of — ^ over 

[1,2] ' ,is the same as finding- A = y 
for the graph of ^'^= on the 

^ interval [l,2T. •. 

If we divide [1,2} into' . 10 
congruent parts we get for the upper 
average 

■1 + 




>1.1)S^ (1.2) 



The numerator is <®btaified by .adding 



1.000 
.'.826 

^ .592 
.510 



:\ n^refc^ei^ upper : average, is- appVoximtely " .-5389/, ' a?he lower a^ferage-- is-^^>^;. • 
• /■•••^put . ..ii^9. The aveiage ot. tSes^ -e^^ to uslilg-.,^ / '"■ 

^^^^pezoids- instead ;of rectangles . Vihe ^res^^ . V^pi^^^is?/slightly -too^^^ . 
r-; • "to represent -A- ==..y. ;As you mifeht;guess;■■^t^^ ia .5OO, = ^ . ' • 

r. '- ' ■ Returning ;.t o thfe' rc)ckist/-t " . '" 



when weight is .measured in' tons^^ in: :ea.irth-'r^dii'. . To.; 

. obtain the ans^r^ in'^t-lb^. we;^^ '^26(£ Thf factor ;. 

2000 ' converts'-'tons' to ''poU?rds^': The',>P0C> '^sonyeri^, ,ea^A^^ and;. - 

of ••bourse -^5280 changes ; miles t a' :fe^^:..- \a31e 'answer: ^ 2r;]^" l ^iXlibn ft^^ 



• V . .Exercises . 2o'^lQi ;;' -i / " 



A- Chain . 10 \ . ft.i .'iong.'weighs^ "2 lbs/ft.-.'';it>. 

. ■ , ■ • . f ■■' . ■ 

is resting 'on a' table. 'You seize ofie ,er;d.::- 

and lift the', chain fre^ from .th^. tabla-.v 

Find' the work required. Hint : • When ./ x# . i 



-X. 



.= f-e'^t of ehain are above tjher table, ^hab- .i^^^r: 

':W^-im'^-- ■ . -B 'V — 

^;^A.V./^t'^^ ^'^^S^t are/jrou suppo . 

mifi^' "^^^^^ che^k.sev&r^:?^^ the :tie>ms in ;^^ 

m^;>l€^'^'**- «f/f^rWhe^:^unTier average. ' Verify, th^ ithfedower'^average^ 




■f^„^.r^y^\ l\- Qf' .^he' 'upper a- 

^^1^1^^ avei^;G^jE*V^ . ^er i;he-.iriterya|L^^ 



. ■■/Note' that jihis a:6rees:ia-eh ^ur result .In; Example 3 ;:"pf : the- 

ta) If we. Assume that thi<^%s^atc;is;cor^^ energ^r^ r^uired' 

to lift rocket f rotn ^' 1;;. -ithe .eaYth» s surf ace).; to .x • .i,.5 ; ■ 
if the rocl^t weighs T'-^bitis when>: x =: i. ^ ■:<'Use earth^radi^^ 



(b) Show tha-t" the^;ei\ergy required to ij^ise the rd^^^ I '.to 



/ 9 fi.. 




■4'. 
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• ; \ ''A i^sWeme'rit.: is-' a f imctiori-. from ot>'iects:>.>7 t l&rigth,. 

• aresL-^ Weight >" and. so brr) . to-.non-negat 

•:''said tp TjLe^asiire'.the pjropertyi ; S \V -'ii-^'^^^ ■ x. ' 

■. • ■ V . ^.'' jor seme-.q.uarititie^ it./lSvp^^^ ' 
■■^^■(l) .popiea>:'(2^ :l>ut.';^ ^ ' ' 

' ■. divided, inW interclian^ sul^-xm^ts (as iiiany;asl\on6. pi^^i^fes j 

qii^titities c^n beVea^^ed-^diret^ay^^^^^^^^^ ' ' . •" 

indirectly, •that, .is;,, by; a bpmputaiiionV'v The measure/vOr depends 
-••r.'Qppri-'^ unit" 'chosen.,^ W---- ^.^ V^^^'^^^i ' S ' ■ ^ • \ 

j;.vv/- .•:v-:^:*'^1ifet : U and; u 'i^be^two VitS::-o|;. a^rigth , N-;TSe^ /when ve 

' ■ *■ ■" . ^^fi* '• ■■ '■' ■ ■ -O ■ ■ . o . f^i '.>) "'.■ / ■ ': / . ■ 

clihxige 'tfgk the \Si^±^^ '\\3',i XT ■ ^a.h% U- *>^x^}e^^ 

^Uji^^^' «^^;:^u^, .a?il.l measures of^^i^ngtt^ all measures : 

.^^--area^by^^ . ■ . ' 

^^''a' The a'^e^V^)elow 4^e gr&ph' of ;s. •flV^ci'ioj^^ry^ -^fvrmke^ 

'^.on^afi^ icitj^iSval^^.t^d^^^ is ^^^sure^d-^'By^^^^^^ 

^^^lue of the.f^mctibn oyisr/thW lnt^'ir^ y^'= 



Q&ses or decreases 
e 'y- is" the average 
then 



— a 

y = o 



.dnd . A"=i,iir: 



then - y. =f -2 -si^ -'A: :; 



[0 



If on the interval 
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■ .i' . ■ ■ 
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Tfie voliim^pP a solid*' bounded by two parallel planes at the distance 
■.a ai)agrt is^jjieasured- by V%^aB, ■■' where S raeasurefe the cross-sectional 
•'a-rea at? the ' diWanceebX from one df the planes and the average- (S) of 

Koyer the interval [0,a]^ For a sphere whose radius measures »• 



is 

'units 




Fofr^tones or pyramids. 



'1, 



the lilt it.ude find^ B. • measures the area of the base.. 
. ' ' '^\v:-: -- V" ' ^ . . * "85 ^ ,•• . 



(Ba) ' . where a measures 
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